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Abstrat
A new lass of relativisti diusions enompassing all the previously studied examples has
reently been introdued in the artile [1℄ of C. Chevalier and F. Debbash, both in a heuristi
and analyti way. A pathwise approah of these proesses is proposed here, in the general
framework of Lorentzian geometry. In onsidering the dynamis of the random motion
in strongly ausal spaetimes, we are able to give a simple denition of the one-partile
distribution funtion assoiated with eah proess of the lass and prove its fundamental
property. This result not only provides a dynamial justiation of the analytial approah
developped up to now (enabling us to reover many of the results obtained so far), but
it provides a new general H-theorem. It also sheds some light on the importane of the
large sale struture of the manifold in the asymptoti behaviour of the Franhi-Le Jan
proess. This pathwise approah is also the soure of many interesting questions that have
no analytial ounterparts.
Key words. Diusions, relativity, harmoni funtions.
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1 Introdution
The present artile is at the onuene of two dierent stories that have met reently.
The rst was initiated by Dudley in a paper [2℄, written in 1966, where he desribes the lass of
random Markov timelike paths in Minkowski spaetime whose laws are dened independently of
any rest frame. These random paths represent the trajetories of partiles whose speed is less than
the speed of light, and whose laws are invariant by the ation of the isometry group of the spae.
He proves in this artile that there exists essentially a unique way of onstruting C1 random
paths having the above properties. The phase spae
(
R×R3
)
×H is well adapted to desribe it.
We write here H for the half-unit sphere
{
ζ = (t, x) ∈ R×R3 ; q(ζ) := t2− |x|2
Eul
= 1, t > 0
}
of
the spaetime R × R3, equipped with the quadrati form q. The restrition of q to any tangent
hyperplane of H is denite-negative. Any C1 timelike path whose t-o-ordinate inreases an
always be re-parametrized in suh a way that its speed belongs to H. Random C1 timelike paths
{γs}s>0 =
{
γ0 +
∫ s
0 γ˙r dr
}
are determined by their H-valued speed proess {γ˙s}s>0 whih has no
other hoie than being a Brownian motion on H (up to a onstant time saling). Minkowski
spaetime thus has a anonial diusion, in the same way as Brownian motion is anonially
assoiated to Eulidean spae.
This fundamental work had to wait for the development of stohasti analysis and the artile
[3℄ of Franhi and Le Jan, in 2005, to see its sope extended to the realm of general relativity.
They dened a diusion in any Lorentzian manifold using a stohasti development proedure
similar in spirit to the onstrution of Brownian motion promoted by Malliavin and Elworthy,
using stohasti dierential equations in the orthonormal frame bundle of the manifold.
The other story was born immediately after Einstein's theory of relativity and gravitation
was aepted and spread in the sienti ommunity. It deals with the extension of Boltzmann
theory of gases to the relativisti framework. Although Boltzmann model is primarily a partile
model of gases, most of the works have been on understanding the marosopi behaviour of
relativisti gases through the study of the raltivisti Boltzmann equation. One had to wait the
nineties and the artile [4℄ of F. Debbash, K. Mallik and J.P. Rivet to see the introdution
of a probabilisti mesosopi model of diusion of a partile in a uid, under the form of a
speial relativisti ounterpart of Ornstein-Uhlenbek proess. Generalisations of this model to
the framework of general relativity have been given in later artiles.
These two stories have reently met with the proposition, made in the artile [1℄ of C. Cheva-
lier and F. Debbash, to dene a lass of random proesses inluding Dudley's proess and the
relativisti Ornstein-Uhlenbek proess, and haraterized by the following property. There ex-
ists at eah (proper) time (of the moving partile) a (loal) rest frame where the aeleration of
the partile is Brownian in any spaelike diretion of the frame, when omputed using the time
of the rest frame. The proesses of this lass were named relativisti diusions in referene to
the diusion phenomenon they modelize. The authors of the artile have started the study of
this lass developing an analytial approah to the situation based on a transport equation. We
would like to propose in the present artile a pathwise approah to this lass of proesses on a
general Lorentzian manifold. With in mind the diusion phenomenon of olloidal partiles in
uids, we shall desribe their dynamis as random perturbations of dierential equations. In the
spirit of the work of Franhi and Le Jan, we shall lift these dynamis to the frame bundle of the
manifold, where they will be dened as ows of stohasti dierential equations. This framework
will enable us to re-prove diretly many of the results obtained so far as well as new results and
prospets stemming from the pathwise nature of our approah.
We have organized the exposition as follows. Setion 2 is dediated to desribing the lass
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of relativisti proesses in Minkowski spaetime, so as to separate probability and geometry
problems. The lass of relativisti diusions is thus motivated and dened in setion 2.1. We
give in setion 2.2 a probabilisti denition of the one-partile distribution funtion for eah
relativisti diusion, and prove that it satises a fundamental equation. Setion 3 is dediated to
investigating the general situation where the geometri bakground is any Lorentzian manifold.
After having dened the dynamis in the orthonormal frame bundle in setion 3.1, we shall
spend some time in setion 3.2 looking at what an happen in the unit sub-bundle of the tangent
bundle. We shall dene in setion 3.3.1 the one-partile distribution funtion for eah relativisti
diusion under a mild hypothesis on the global geometry of spaetime. The relevane of this
notion in the study of the Poisson and Martin boundaries of the Franhi-Le Jan proess will be
disussed in setion 3.3.2. Finally, we shall prove in setion 3.4 a general H-theorem. A number
of open problems are sattered throughout the text. Numerous examples have been inluded so
as to help the reader to get an idea of the state of the eld.
Notation. We shall write ◦d for the Stratonovih dierential. The sign d will be used for the
usual dierentiation with respet to the time, or for Ito's dierential.
2 Relativisti diusions in Minkowski spaetime
2.1 Denitions and examples
a) Geometri framework. Reall Minkowski spae is the produt R×R3 equipped with the
metri
∀ ζ = (t, x) ∈ R1 × R3, q(ζ) = t2 −
((
x1
)2
+
(
x2
)2
+
(
x3
)2)
,
if we write (t, x1, x2, x3) for the o-ordinates of ζ in the anonial basis
{
ε0, ε1, ε2, ε3
}
of R×R3.
To distinguish Minkowski spaetime from the Eulidean spae R4, we shall denote the former by
R1,3. The half-unit sphere
H = {ζ = (t, x) ∈ R1,3 ; q(ζ) = 1, t > 0}
inherits from the ambient (non-denite positive) metri q a Riemannian metri of onstant ur-
vature, whih makes it a model of the (3-dimensional) hyperboli spae. As any C1 timelike
path an be re-parametrized so that its speed should belong to H, we shall look at the spae
R1,3×H as the onguration spae of timelike C1 trajetories of a point of R1,3. The set of diret
linear isometries of q is the group SO(1, 3). Any element g of SO(1, 3) represents a rest frame
g =
(
g0,g1,g2,g3
)
of R1,3. The funtion ζ ∈ R1,3 7→ q(g0, ζ) will be alled the time funtion
assoiated with the frame g.
It will also be fruitful to dene the motion of a(n innitesimally small) rigid objet. The
onguration spae of this dynamis will be the set R1,3 × SO(1, 3). We shall look at a point(
m,
(
g0,g1,g2,g3
))
as the innitesimal rigid objet
1 m + ConvHull(δg1, δg2, δg3) ontained in
the ane spaelike hyperplane m + span
(
g1,g2,g3
)
, and having 4-veloity g0. An element of
R1,3 × SO(1, 3) an also be seen as an observer.
Notie that SO(1, 3) has 4 onneted omponents; we shall denote by SO0(1, 3) the onneted
omponent of the identity. To shorten notations, we shall write OR1,3 for R1,3 × SO0(1, 3).
The introdution of the following notations will larify the desription of the dynamis we
are interested in. We shall denote by Ei ∈ so(1, 3) the Lie element suh that exp(tEi) is the
1δ is some innitesimal positive number.
hyperboli rotation of angle t in the 2-dimensional plane generated by ε0 and εi. In matrix
notations
E1 =


0 1 0 0
1 0 · · ·
0
.
.
.
0
.
.
. O2

 , E2 =


0 0 1 0
0 0 · · ·
1
.
.
.
0
.
.
. O2

 , E3 =


0 0 0 1
0 0 · · ·
0
.
.
.
1
.
.
. O2

 .
Four vetor elds on OR1,3 will be of partiular interest.
H0
(
(m,g)
)
= (g0, 0),
for i = 1..3, Vi
(
(m,g)
)
= (0, gEi).
(2.1)
Note that the R1,3-part of the integral lines of the vetor eld H0 are the geodesis of R
1,3
,
whih are straight lines. We shall set HmR
1,3 =
{
(m, ζ) ∈ R1,3 × H
}
and write OmR
1,3
for{
(m,g) ∈ OR1,3 ; g ∈ SO0(1, 3)
}
.
An important feature of our approah to relativisti diusions is that we have hosen to
desribe the dynamis in the phase spae OR1,3, where it has a natural and simple form; this
orresponds to look at the motion of a small rigid objet. We shall look at what happens in
R1,3 ×H in a later setion.
b) Dynamis. • Unperturbed system. We have indiated in the introdution that rela-
tivisti diusions should be onsidered as a lass of toy models of diusion in dierent media.
We are going to dene them as random perturbations of deterministi evolutions given by the
ow of a vetor elds V on R1,3. With in mind diusion of partiles in a uid, we shall make the
hypothesis that V has no R1,3-part and ats only on the SO(1, 3)-part of OR1,3, although this
assumption ould be relaxed. The unperturbed sytsem is dened by the dierential equation
dms = g
0
s ds,
dgs = V (gs)ds.
(2.2)
Note that the requirement that
dms
ds
= g0s ∈ H implies that the parameter s is the proper time
of the timelike path {ms}s>0 of R
1,3
.
• Ation of the surrounding medium. How should we model the form taken by the
random perturbation of the dynamis assoiated with a given medium? Maybe the proper way
to proeed would onsist in giving rst a desription of the mirosopi thermodynamial and
eletro-magnetial properties of the medium in order to put forwards the soure of randomness,
and to infer from this desription a desription of the random perturbation it indues on the
dynamis of a test objet. We have hosen to propose a rather general ation model whih should
onvey the essential features of many situations, and not to model the medium itself.
The ation of the uid on the moving objet {es}s>0 =
{
(ms,gs)
}
s>0
will be represented by
the datum of an OR1,3-valued previsible proess {zs}s>0 suh that zs(e.) = zs
(
(m.,g.)
)
= (ms, fs)
for some orthonormal basis fs =
(
f0s , f
1
s , f
2
s , f
3
s
)
of TmsR
1,3
(
2
). The random perturbation indued
by the medium on the dynamis results in adding to the deterministi aeleration a random
part whih is determined by the following requirement. When omputed in the rest frame zs,
i.e. using its assoiated time, the aeleration of ms has a deterministi part and a random part
2
Note that zs and es have the same R
1,3
-part equal to ms.
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whih is Brownian in any spaelike diretion belonging to span(f1s , f
2
s , f
3
s ). To omplete this
desription, we shall ask the vetors g1s ,g
2
s ,g
3
s to be transported parallelly along the "Brownian"
inrement of g0s .
) A preliminary example. Before giving a mathematially lean denition of this lass of
proesses, let us look at the heuristi desription of what happens when V = 0 and the 'vertial'
ation proess z. is onstant, equal to Id, i.e. fs = {ε
0, ..., ε3} for any s.
Denote by
{
(ms,gs)
}
s>0
the OR1,3-valued proess orresponding to these data and write ts
for the ε0-omponent of ms. As we have dms = g
0
s ds, the funtion s 7→ ts is a C
1
inreasing
funtion that an be used as a parameter of the proess. Given t ∈ R, set τt = inf
{
s > 0 ; ts = t
}
and look at the re-parametrized proess
{
(mτt ,gτt)
}
t>q(ε0,m0)
; denote it by
{
(m̂t, ĝt)
}
t>q(ε0,m0)
.
The above desription of the ation of the surrounding medium on the dynamis means that the
span(ε1, ε2, ε3)-part of dĝ0t is a Brownian inrement.
TmsR
1,3
ε0
ε3
ε1
ε2
g
0
s
ms
Figure 1: Dynamis when z = Id and V = 0
The Brownian spaelike part
∑
i=1..3
εi◦dŵit of the inrement of the speed an be seen in gure 1,
in red; the inrement itself is in green. The notation ŵ stands here for a 3-dimensional Brownian
motion. If we write ◦dĝ0t =
∑
i=1..3
ĝ
j
t◦dβ̂
j
t , then
◦dŵit = −
∑
j=1..3
q(εi, ĝjt ) ◦dβ̂
j
t .
Denote by A(g) the 3 × 3 matrix with oeients (i, j) ∈ [1, 3]2 equal to q(εi,gj). This matrix
being invertible,
◦dβ̂t = −A(ĝt)
−1◦dŵt. (2.3)
Bak to the proper time s of the proess, we shall write ◦dg0s =
∑
j=1..3
gjs ◦dβ
j
s . Write As for
A(gs). Identity (2.3) implies that
◦dβs = q(ε
0,g0s)
1
2 A−1s ◦dws
for some 3-dimensional Brownian motion w. The R3-valued proess β is the proess that really
drives the dynamis. Last, we shall ask the vetors g1s ,g
2
s ,g
3
s to be parallelly transported along
5
the paths {g0s}s>0 in H. The above heuristi desription gives rise to the following equations of
motion
◦dms = g
0
s ds,
◦dgs = gsEi ◦dβ
i
s.
d) Denition. We shall now leave appart this example to write down the equations of the
dynamis of
{
(ms,gs)
}
s>0
orresponding to general data V and z. Reall the surrounding
medium will be represented by the datum of a previsible proess {zs}s>0 = {zs(e.)}s>0 suh
that zs = (ms, fs) =
(
ms, (f
0
s , ..., f
3
s )
)
belongs to OmsR
1,3
. Its ation on the dynamis has
been heuristially desribed in paragraph b). Dene the random matrix proess {As}s>0, with
oeient (i, j) ∈ [1, 3]2 equal to q(f is,g
j
s) at time s; set
◦dβs = q(f
0
s ,g
0
s)
1
2 A−1s ◦dws. (2.4)
Definition 1. Dene the R3-valued proess β as above. A (V, z)-diusion is a proess
{es}s>0 =
{
(ms,gs)
}
s>0
satysfying the stohasti dierential equations
◦dms = g
0
s ds
◦dgs = V (es)ds+ gsEi ◦dβ
i
s,
(2.5)
where Einstein's summation onvention is used, as in the sequel.
Using notations (2.1), equation (2.5) an be written
◦des = H0(es)ds+ V (es)ds + Vi(es) ◦dβ
i
s. (2.6)
In referene to the interpretation of OR1,3 in terms of innitesimal rigid objets given in para-
graph a), this equation an be interpreted as desribing the random motion of an innitesimal
rigid objet in R1,3; there are nonetheless no need to understand it that way if you do not feel
omfortable with innitesimals. In any ase, the simple and intrinsi harater of this equation
should be ompared with the o-ordinate approah proposed up to now, as presented for instane
in the artile [5℄ of C. Chevalier and F. Debbash. The simpliity of the formalism of stohasti
dierential equations will enable us not to rely on the ovariant treatment used so far.
Note that sine zs(e.) might depend on the whole history of e. until time s, the inrement
◦dβs shares this property, and equations (2.4) and (2.6) do not generally dene a Markov proess.
This might be relevant from a modelization point of view if we onsider an objet having internal
parameters evolving with time, and whose value at proper time s ould inuene the way the
surrounding medium ats on it. Let us give three (Markovian) examples before ommenting any
further.
e) Previously studied examples. Three (V, z)-diusions have attrated attention up to now.
1. The Dudley(-Franhi-Le Jan) proess introdued by Dudley in [2℄ (and generalized in [3℄
by Franhi and Le Jan) is a perturbation of the geodesi ow. It orresponds to taking
V = 0 and zs = es. The dynamis driving proess β is then equal to the Brownian motion
w, and no time-hange is needed3. It is desribed in a simple way saying that
• {g0s}s>0 is a Brownian motion on the hyperboli spae H,
3
That is, the time saling q(f0s ,g
0
s) is here equal to 1.
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• (g1s ,g
2
s ,g
3
s) ∈ Tg0sH is obtained from (g
1
0,g
2
0,g
3
0) by parallel transport along the path
{g0r}06r6s, and
• ms = m0 +
∫ s
0 g
0
r dr.
This proess is the only proess determined entirely by the datum of the geometri bak-
ground (a result due to Dudley in [2℄(
4
)). This property gives it a speial position in
the family of (V, z)-diusions. Yet, its drawbak as a model in Minkowski spaetime of
a diusing partile is that, exept if we loate the soure of motion in the partile itself,
it is not lear what entity ould give rise to suh an interation proess. So it might be
less interesting from a modelization point of view. Consult yet the artile [6℄ of Dowker,
Henson and Sorkin for a physial motivation from quantum mehanis. Nevertheless, the
long-time behaviour of this proess and its Lorentzian version may have many things to say
about the geometry at innity of spaetime; this might happen to be of some (theoretial)
physial interest. We shall disuss this point in setion 3.3.2.
2. The relativisti Ornstein-Uhlenbek proess (R.O.U.P.) was introdued by F. Debbash,
K. Mallik and J.P. Rivet in the artile [4℄ as a model of diusing partile in a uid at
equilibrium. It orresponds to the
(
V, Id
)
-diusion with
V
(
(m,g)
)
= −α grad(ln γ)
for some positive onstant α. We have written here γ for q(ε0,g0) and grad for the gradient
in H. In this ase, the dynamis driving proess β is not equal to the Brownian motion w.
The existene for this proess of an invariant measure of the form
5 ae−bγdm ⊗ dg found
by Jüttner in [7℄ was a motivation for its introdution; see the introdution of the artile
[4℄. We shall see in the general framework of setion 3.2, that this OR1,3-valued diusion
gives rise to an HR1,3-valued diusion, whih is the R.O.U.P. as dened in [4℄ and the
subsequent works of the authors and their o-authors.
3. Last, Dunkel and Hänggi introdued in their artile [8℄ a kind of mixing of the previous
two models in whih the frame zs = es, as in the Dudley-Franhi-Le Jan diusion, and V
is onstruted in suh a way that the proess admits the same awaited invariant measure
as the R.O.U.P.
We shall ome bak to these models in the general framework of setion 3.
f) Non-isotropi medium. This way of dening (V, z)-diusions has the advantage to be
exible enough to provide models of what should be a relativisti diusion in a non-isotropi
medium. We shall take into aount the non-isotropy of the motion replaing the up to now
isotropi input ◦dws by a non-isotropi semimartingale in equations (2.4) and (2.5) of dynamis.
Setting for instane M = diag(1, 1, 2) and denoting by {Bs}s>0 an R
3
-valued Brownian motion,
the use in the R.O.U.P. dynamis of an input ◦dws = M◦dBs will give rise to a motion in a
medium where one spaelike (xed) diretion diers from the others. One ould also replae w
by any ontinuous semi-martingale to adapt the model to a given situation. Jumps ould even
be introdued to take into aount possible shoks.
The artile [9℄ of J. Franhi and J. Angst proposes another model in Minkowski spaetime of
random dynamis in a non-isotropi medium.
4
Note that we have uniqueness up to a time saling by a onstant in the H-Brownian motion {g0s}s>0.
5
The measure dg is a Haar measure on the unimodular group SO0(1, 3), and a and b are positive onstants.
7
g) Probabilisti matters. Let us be more preise in the denition of a (V, z)-diusion6. Let(
W, {Ht}t>0
)
denote the Polish spae C
(
R+,OR
1,3
)
, endowed with the ltration generated by
its o-ordinate proess. Let z : R+ × W → OR
1,3
be a previsible path funtional. A (V, z)-
diusion will onsist in the datum of a ltered probability spae
(
Ω, {Ft}t>0,P
)
satisfying the
usual onditions, an
(
{Ft}t>0,P
)
-Brownian motion w on R3, and a C
(
R+,OR
1,3
)
-valued proess
e dened on
(
Ω, {Ft}t>0
)
suh that equations (2.4) and (2.5) hold. These sorts of details will be
impliit in the sequel.
Existene and uniqueness results exist for equations suh as (2.4) and (2.5). Consult [10℄ and
the referenes given therein for example. These issues will raise no problem in the example we
shall onsider.
We should apologize for the mis-use of the word "diusion" in this ontext, as it is usually
used when zs(e.) = z(es), whih is not supposed here. We have hosen to keep this denomination
in referene to the situation it modelizes. The word "diusion" will keep in the sequel its usual
meaning, and we shall always write (V, z)-diusion for a proess of our lass.
Last, we shall use the notation {es}s>0, indexing the trajetories by R+, regardless of the
possibly nite lifetime of the proess. One an add a emetery point to the spae to deal with
suh issues.
2.2 One-partile distribution funtion of Markovian (V, z)-diusions
As explained in the introdution, the main aim of his artile is to onvine the reader of the
usefulness of a pathwise approah to relativisti diusions. This setion will illustrate this point
giving a lear denition of the one-partile distribution funtion of a (V, z)-diusion. We refer to
the artile [11℄ of F. Debbash, J.P. Rivet and W.A. van Leeuwen for a physial disussion of this
onept of statistial physis and for the interest of a lear denition of this notion
7
. We shall
investigate the general situation on a Lorentzian manifold in setion 3.3. Let us rst desribe
the framework of the problem.
a) Framework. We shall suppose in this setion that
zs(e.) = z(es)
for some funtion z : OR1,3 → OR1,3 suh that z
(
(m,g)
)
=
(
m,
(
f0(e), ..., f3(e)
))
. It follows
that the proess {es}s>0 =
{
(ms,gs)
}
s>0
is an OR1,3-valued Markov proess. Write A(e), or
simply A, for the 3× 3 matrix with oeient (i, j) ∈ [1, 3]2 equal to q(f i(e),gj). The generator
of the (V, z)-proess is given by the formula
L := H0 + V +
λ
2
ViB
ijVj, (2.7)
where B =
(
A−1
)∗
A−1 is a 3×3 non-negative symmetri matrix. Here as in the sequel, a vetor
eld is seen as a rst order dierential operator; so, an expression like ViB
ijVjf should be more
properly written Vi
(
BijVj(f)
)
. The use of the notation
λ := q(f0(e),g0)
will be useful to shorten formulas, here as in the sequel. Reall we have supposed that the ow
of V preserves eah ber of the projetion (m,g) ∈ OR1,3 → m ∈ R1,3.
6
Refer to the hapter V.8 of the book [10℄ by Rogers and Williams for all this paragraph.
7
The artile [12℄ of W. Israel an also be onsulted on this subjet.
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We shall denote by dg the Haar measure on (the unimodular group) SO0(1, 3) whose image
by the projetion g ∈ SO0(1, 3) 7→ g
0
is the Riemannian measure on H. Last, we shall assoiate
to any subset A of R1,3 the (prinipal) bundle
OA :=
{
(m′,g′) ∈ OR1,3 ; m′ ∈ A, g′ ∈ SO0(1, 3)
}
.
If A is a spaelike hypersurfae of R1,3, denote by σA(dm
′) the volume measure indued by q on
A; we dene the measure
VolOA(dg
′ ∧ dm′) := dg′ ⊗ σA(dm
′)
on the bundle OA.
b) One-partile distribution funtion. A few more notations are needed to dene the one-
partile distribution funtion and state its main properties. Fix a point e = (m,g) ∈ OR1,3, and
dene the hyperplane of R1,3
Ve =
{
m′ ∈ R1,3 ; m′ ∈ m+
(
g0
)⊥}
;
denote by He the hitting time
He = inf{s > 0 ; es ∈ OVe}.
We shall assoiate to any α ∈ SO0(1, 3) and any t ∈ R the hyperplane Vt,α := {m
′ ∈
R1,3 ; q(m′, α0) = t} and the hitting time Ht,α = inf{s > 0 ; es ∈ OVt,α}.
Notie that the Liouville measure indued by q on OR1,3 is the produt measure
Vol(dg ∧ dm) := dg ⊗ Leb4(dm).
We shall denote by L∗ the L2(Vol)-dual of the operator L; we have V ∗i = −Vi and H
∗
0 = −H0.
Theorem/Definition 2. 1. Let e0 ∈ OR
1,3
be dierent from e. The random variable
eHe1He<∞ has under Pe0 a smooth density f
(
e0 ; (m
′,g′)
)
with respet to the measure
VolOVe(dg
′ ∧ dm′) on OVe.
The funtion e ∈ OR1,3\{e0} 7→ f(e0 ; e) is alled the one-partile distribution funtion of
the (V, z)-diusion started from e0.
2. We have
Ee0
[
f(eHt,α)
]
=
∫
f(e) q
(
α0,g0
)
f(e0 ; e)VolOVt,α(de) (2.8)
for any bounded funtion f on OVt,α.
3. The funtion f(e0 ; ·) satises the equation
L∗f(e0 ; ·) = 0 (2.9)
on OR1,3\{e0}.
It is lear from its denition that this funtion is dened in an intrinsi way; physiists use
to say that f(e0 ; e) is a Lorentz salar. We shall prove in setion 3.3.1 a similar theorem in the
general framework presented in setion 3. We have hosen to present here a heuristi proof of
point 2 and to give a detailed proof of the general statement after proposition 6, in setion 3.3.1.
Points 1 and 3 of theorem/denition 2 are proved in detail below.
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e0
e = (m, g)
Rest frame g
g
0
Ve
Figure 2: Re-parametrized proess
✁ Proof  1. The strategy of the proof is simple. Given e = (m,g), we are going to re-
parametrize the proess as a funtion of the time assoiated to the frame g and see that
f(e0 ; ·) is the density with respet to VolOVe of the position at some xed time of a hy-
poellipti diusion.
Dene the hronologial past of OVe as the set I
−(OVe):{(
γ(0),g′
)
∈ OR1,3 ; γ future-oriented timelike path from γ(0) to a point of the set m+
(
g0
)⊥
,
g′ ∈ SO(1, 3)
}
.
The random variable eHe1He<∞ being identially equal to 0 if e0 does not belong to the
hronologial past of OVe, we shall suppose in the sequel that e0 belongs to it, in whih ase
He is almost surely nite.
Set t
g
0 = q(m0,g) and dene the stopping times
∀ t ∈ R, Sgt = inf{s > 0 ; q(g
0,ms) = t}.
The proess {eSt}t>tg0 is the proess e. re-parametrized by the time assoiated with g. It
has generator
1
λg
L,
where λg = λg(g
′) = q(g0,g′0). We shall write
eSgt
=
(
(tg0 + xSgt ),g
′
S
g
r
)
∈ OR1,3, with xSgt ∈ span(g
1,g2,g3),
and shall look at
e
g
t := (xSgt ,g
′
S
g
t
) ∈ O span(g1,g2,g3).
The random variable eHe is equal to m0 + t1g
0 + egt1 , with t1 = q(m −m0,g
0). We shall
prove the rst point of theorem 2 showing that the Ospan
(
g1,g2,g3
)
-valued diusion eg. is
a hypoellipti diusion. The distribution at time t1 of this diusion will then have a smooth
density with respet to the volume element on Ospan
(
g1,g2,g3
)
to be dened below. The
measure VolOVe being the image of the volume element by R
1,3
-translation by m0 + t1g
0
,
this will imply that eHe has a smooth density with respet to VolOVe.
To omplete this program we shall denote by ag := (x,g′) a generi element ofO span(g1,g2,g3).
Note that sine g has determinant equal to 1, the hange of variable formula says us that
the volume element indued by q on the 3-dimensional vetor spae spanned by g1,g2, and
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g3 is the 3-dimensional Lebesgue measure. We shall write VolO sp(g1,g2,g3)(dg
′ ∧ dx) =
dg′ ⊗ Leb3(dx) the volume measure on the bundle O span(g
1,g2,g3).
To desribe the generator Lg of the proess eg. , denote rst by ∂x the dierentiation operation
in the diretion of the vetor spae span(g1,g2,g3) and deompose g′0 as
g′0 = λgg
0 +
3∑
i=1
x˙ig
i.
Using these notations, we an write for any smooth funtion f
Lf
λg
= ∂tf +
(
∂xf
)
(x˙)
λg
+
V f
λg
+
λ
2λg
ViB
ijVjf.
So the generator Lg of the proess eg. is given by the formula
Lgf =
∂xf(x˙)
λg
+
V f
λg
+
λ
2λg
ViB
ijVjf.
Write h
g
e0(t, da
g) for the law of egt , t > t
g
0 . As is well known, these distributions satisfy the
heat equation
∂t h
g
e0
=
(
Lg
)∗g
hg
e0
, (2.10)
where
(
Lg
)∗g
is the L2
(
VolO sp(g1,g2,g3)
)
-dual of the operator Lg. Sine the matrix B =(
A−1
)∗
A−1 is symmetri and V
∗g
i = −Vi, we have
(
Lg
)∗g
hg
e0
= −
(
∂xh
g
e0
)( x˙
λg
)
+ V ∗g
(hge0
λg
)
+
1
2
(
ViB
ijVj
)(
λ
h
g
e0
λg
)
.
It is easy to see on this formula that the operator ∂t−
(
Lg
)∗g
on R×O span(g1,g2,g3) satises
Hörmander's riterium for hypoelliptiity. It follows that h
g
e0(t, ·) has a smooth density with
respet to the measure VolO sp(g1,g2,g3)(da
g) on O span(g1,g2,g3), for t > q(m0,g
0). We
have seen that it implies that eHe has a smooth density with respet to VolOVe .
2. As said above, we present here a heuristi proof of point 2. The reader will nd the
detailed proof of the general statement after proposition 6, in setion 3.3.1. We are going
to explain the situation for Dudley's proess, nothing else than additionnal notations being
neessary to understand the general ase of Markovian (V, z)-diusions.
•We shall get a learer image of the situation onsidering the ontinuous dynamis desribed
by equation
des = H0ds+ Vi◦dw
i
s (2.11)
as the dynamis of a random walk {e˜s}s>0 =
{
(m˜s, g˜s)
}
s>0
making innitesimal steps.
Given an 'innite' integer N (i.e. a nonstandard hypernite integer), the quantity 1
N
is a
positive innitesimal. Let us denote by {∆k} a 'sequene' of iid R
d
-valued entered Gaussian
random variables with variane
1
N
. The dynamis of the random walk is dened on eah
interval of the form
[
k
N
, k+1
N
)
, k > 1 as follows.
• The proess g˜s has a jump at time
k
N
: g˜ k
N
= g˜
( kN )
− . exp
(
Ei∆w
i
k
)
. The proess
{m˜s}s>0 has no jumps at that time.
• g˜s is onstant and dm˜s = g˜
0
sds, in the time interval
(
k
N
, k+1
N
)
.
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g˜s is onstant and dm˜s = g˜
0
sds in the rst interval [0,
1
N
). The statement "The random
walk {e˜s}s>0 provides the solution of equation (2.11)" an be given a preise meaning in the
framework of non-standard analysis, and holds true, when orretly interpreted. This way
of saying things is, in any ase, useful (justied) and intuitive.
Notations. We shall denote by P˜e0 the law of the random walk started from e0. Given two
possibly innite real numbers a and b, we shall say that a and b are equal up to a negligeable
quantity if
a
b
is innitesimally lose to 1; we shall write a ≃ b. The notation Haar(·) will
stand for a Haar measure on SO0(1, 3).
• Formula (2.8) will hold true if we an prove it for any funtion f on OVt,α of the form
f(m′,g′) = 1A(m
′)1G(g
′),
for suiently small innitesimal open sets A ⊂ Vt,α and G ⊂ SO0(1, 3). We shall suppose,
without loss of generality , that A×G is a (onneted) neighbourhood of a given point e =
(m,g) ∈ OVt,α. We shall assoiate to e the hyperplane Ve =
{
m′ ∈ R1,3 ; m′ ∈ m+
(
g0
)⊥}
.
To distinguish the Lebesgue measures indued by q on Vt,α and Ve, we shall denote them
by Leb
t,α
3 and Leb
e
3 respetively.
If we let A′ be the set of points of Ve of the form x+ sg
′0
, for x ∈ A, s ∈ R and g′ ∈ G, the
Leb
e
3-measure of A
′
is equal to
Leb
e
3(V
′) ≃ q(α0,g0)Lebt,α3 (A).
Let now M be an innite integer and let run M independent innitesimal random walks
started from e0 ∈ OR
1,3
. Write NA×G and NA′×G for the (random) numbers of trajetories
of the random walk that hit OVt,α and OVe in A×G and A
′ ×G respetively. If A is small
enough for NLeb
t,α
3 (A) to be innitesimally lose to 0 andM is large enough
8
, (P⊗M
e0
-almost
surely) 'almost all' the trajetories of the random walks hitting A × G will hit it in a time
interval where gs is onstant. As the length of this time interval is muh bigger than the time
needed by any timelike path to go from A to A′, the trajetories of the random walk will hit
A′ × G on the same time interval where they hit A ×G. As only a negligeable quantity of
trajetories hitting A′ ×G will not hit A×G, we shall have on the one hand
NA×G ≃ NA′×G, P˜
⊗M
e0
− almost surely.
As the strong law of large numbers ensures us that
NA×G ≃M × h
α
e0
(e)Haar(G)Lebt,α3 (A)
NA′×G ≃M × f(e0 ; e)Haar(G)Leb
e
3(A
′) ≃M × q(α0,g0)f(e0 ; e)Haar(G)Leb
t,α
3 (A)
on the other hand, it follows that
hα
e0
(e) ≃ q(α0,g0)f(e0 ; e).
Both quantities being standard reals, we atually have equality.
3. We are now going to use equation (2.8) to give a proof of equation (2.9). This will be
done xing a frame α ∈ SO0(1, 3) and proving that we have L
∗
(
hλ
e0
λα
)
= 0, where we have
denoted by λα the funtion e = (m,g) 7→ q(α
0,g0).
8
Equal to an innite integer depending on N and Leb
t,α
3 (A).
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A frame α having been hosen, dene the stopping times
∀ r ∈ R, Sr = inf{s > 0 ; q(α
0,ms) > r},
and the proess eα in the same way as the proess eg has been dened above. It an be
proved as above that the random variable eαr has a smooth density h
α
e0
(r, ·) with respet to
VolOsp(α1,α2,α3), under Pe0 ; it is dened for r > q(m0, α
0). The funtion hα
e0
(r, ·) is dened
as equal to 0 for r < q(m0, α
0). Identifying
(
r, (m′,g′)
)
∈ R×
(
Osp(α1, α2, α3)
)
to the point(
rα0 +m′,g′
)
of OR1,3, the funtion hα
e0
will be seen as a funtion on OR1,3\{e0}. Three
more notations will be needed: Lα will stand for the generator of the O span(α1, α2, α3)-
valued diusion eα. , we shall write Dmh
α
e0
for the partial dierential of hα
e0
with respet to
m(9) and use the notation Dx to refer to the partial dierentiation operation in the diretion
of span(α1, α2, α3); last we shall deompose a vetor g0 ∈ H as
g0 = q(g0, α0)α0 +
3∑
i=1
x˙iα
i.
Note the relation
(
Dmh
α
e0
)( g0
q(g0, α0)
)
= ∂rh
α
e0
+
(
Dxh
α
e0
)( x˙
q(g0, α0)
)
,
whih an be written
−
(
Dxh
α
e0
)( x˙
q(g0, α0)
)
= −H0
(
hα
e0
q(g0, α0)
)
+ ∂rh
α
e0
. (2.12)
Reall that we write λα for q(α
0,g0). It an be proeeded like in the proof of the proposi-
tion/denition 2 to show that hα
e0
(·, ·) satises the heat equation
∂r h
α
e0
=
(
Lα
)∗α
hα
e0
, (2.13)
where (
Lα
)∗α
hα
e0
= −
(
Dxh
α
e0
) ( x˙
λα
)
+ V ∗α
(hα
e0
λα
)
+
1
2
(
ViB
ijVj
)( λ
λα
hα
e0
)
and the operation
∗α
is the L2
(
VolO sp(α1,α2,α3)
)
-dual operation. Using equation (2.12), the
heat equation (2.13) an be written
−H0
(hα
e0
λα
)
+ V ∗α
(hα
e0
λα
)
+
1
2
(
ViB
ijVj
)(
λ
hα
e0
λα
)
= 0. (2.14)
Note that sine the vetor eld V ats only on SO0(1, 3) we have V
∗α = V ∗; we have
realled above that H∗0 = −H0. So, equation (2.14) an take its nal form: L
∗
(
hα
e0
λα
)
= 0,
i.e. L∗f(e0 ; ·) = 0. ✄
This theorem/denition needs a few omments.
• Formula (2.9) is fundamental in the approah developped by Debbash, Rivet and their o-
workers. Their analysis of the situation entilery rests on a similar transport equation. Although
9
The map Dmh
α
e0 |e
is for any e ∈ OR1,3 the linear form ζ ∈ R1,3 7→ lim
η,0
hα
e0
(e+ηζ)−hα
e0
(e)
η
; this limit is denoted
by
`
Dmh
α
e0 |e
´
(ζ), or simply (Dmh
α
e0
)(ζ).
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it an be argued that sine equation (2.8) implies that the one-partile distribution funtion
determines the hitting distributions of the proess at any times of any rest frame, a theorem of
Blumenthal-Geetor and MKean ensures us that this funtion essentially determines the proess,
suh a position should be taken with are. Indeed, the development of stohasti analysis has
shown that one an gain muh insight in the situation looking at the pathwise behaviour of
proesses rather that looking at analyti quantities suh like their semi-group. We hope to
illustrate this point throughout this artile. In any ase, theorem 2 makes it lear that the
fundamental quantity is not a hitting distribution hα
e0
but the one-partile distribution funtion;
a fat whih was not put forwards in the artile [13℄ of C. Barbahoux, F.Debbash and J.P.
Rivet.
• Equation (2.9) has a lear meaning from a Markov proess point of view. It says that the
measures f(e0 ; e)Vol(de) on OR
1,3
are invariant for the (V, z)-diusion. It is tempting to ask
wether these measures and their possible renormalized limits as e0 goes to innify are suient
to desribe the set of all invariant measures. For instane, it would be interesting, in the study
of the R.O.U.P. in Minkowski spae, to see if the strong reurrene of the proess {gs}s>0 is
suient to prove that the Jüttner measure ae−bγVol(de), alluded to above, is the only measure
we obtain sending e0 at innity, while imposing the limit measure to have mass in any open
set
10
. Even though a omplete answer of the general question is out of reah at the moment, we
shall ome bak in setion 3.3 to related matters in the general framework that we are going to
present now.
3 Relativisti diusions in a Lorentzian manifold
We shall now proeed to dening (V, z)-diusions in a Lorentzian manifold. Let (M, q) denote
a (1 + d)-dimensional Lorentzian manifold, endowed with its Levi-Civita onnetion. As in
Minkowski spae, we shall onstrut the dynamis in a bigger spae than M. We shall rst reall
in setion 3.1, a) how one an onstrut this spae (the orthonormal frame bundle over (M, q))
and the analogue of the above vetor elds H0 and Vi before dening the lass of (V, z)-diusions
in setion 3.1, b). We shall then see in setion 3.2 that some situations give rise to a sub-
diusion in the (future-oriented) unit tangent bundle of M. Several example will be disussed
before returning in setion 3.3 to the study of (V, z)-diusions. We shall dene in this setion
the one-partile distribution funtion of the (V, z)-diusion and prove its fundamental property.
This result will shed some light on the struture of L-harmoni funtions (setion 3.3.2) and will
provide a simple proof of a general H-theorem (setion 3.4).
Hypothesis. We shall suppose from now on that (M, q) is oriented and time-oriented.
3.1 (V, z)-diusions in OM
a) Geometrial objets in play. Given some point m ∈ M, it will be useful to onsider an
orthonormal basis {g0, ...,gd} of the tangent spae TmM to M at m as an isometry from
(
R1,3, q
)
to
(
TmM, q
)
(
11
); so, stritly speaking, gi = g(εi).
The orthonormal frame bundle of M is just the olletion
OM =
{
(m,g) ; m ∈M, g an orthonormal basis of TmM
}
.
10
Other measures an be obtained if we do not impose this ondition.
11
The letter q has here two dierent meanings.
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We shall write OU =
{
(m,g) ; m ∈ U , g an orthonormal basis of TmM
}
for any subset U of M.
One denes the manifold struture of OM as follows. This struture being loal, it sues to
dene the struture of OU for any (small) domain U of M; take it small enough to be the domain
of a hart x : U → R1+d. Applying Gram-Shmidt orthonormalisation proedure to the family
of vetors
{
∂xi
}
i=0..3
in eah tangent plane, on denes a setion σ : U → OU . The identiation
i : U ×O(1, 3) → OU , (m, g) 7→
(
m,σ(m)g
)
gives OU its dierentiable struture (ompatible with hanges of harts)12. Note that O(1, d)
ats on OM on the right: the ation of g′ on (m,g) in the above hart i is
(m,g).g′ = (m,σ(m)gg′). (3.1)
Note that OM has several onneted omponents. We shall be interested in dynamis leaving
these omponents globally xed. We hoose to onsider only one of them, speied by the
requirement that g0 should be future-oriented and that the orientation of g should be diret (we
have supposed the spae oriented). The above ation of the onneted omponent of identity in
SO(1, d) preserves our onneted omponent. We shall also denote it by OM, as there will be
no risk of onfusion.
Ation (3.1) enables us to dene vetor elds on OM:
Vi
(
(m,g)
)
=
d
dt
∣∣t=0((m,g).etEi), i = 1..d.
Last, we shall dene the vetor eld H0 as the innitesimal generator of the geodesi ow on
OM. The dynamis
{
(ms,gs)
}
of this ow is desribed by asking that
dms
ds
= g0s , and gs should
be transported parallely along the path {ms}. One has for instane H0
(
(m,g)
)
= (g0, 0) in
Minkowski's at spaetime, in aordane with the previous denition of H0 given above.
Notation. We shall write e for a generi element of OM.
b) (V, z)-diusions. We are going to dene (V, z)-diusions following the same approah as in
Minkowski spae. We shall thus onsider these diusions as random perturbations of the ow of
a dierential equation in OM of the form
des = H0(es)ds+ V (es)ds
where V is any vetor eld on OM. As in setion 2.1, we shall not modelize the surround-
ing medium itself but just its ation on the dynamis. This ation will be given through the
datum of an OM-valued previsible proess {zs}s>0 suh that zs(e.) = zs
(
(m.,g.)
)
= (ms, fs)
for some orthonormal basis fs of TmsM. Roughly speaking, it has the property that, when
omputed in the rest frame zs(e.), i.e. using its assoiated time, the aeleration of m· has a
deterministi part and a random part whih is Brownian in any spaelike diretion belonging to
span
(
f1s (e.), f
2
s (e.), f
3
s (e.)
)
.
Dene {As}s>0 as the d × d random matrix proess with oeient (i, j) ∈ [1, d]
2
equal to
q(f is,g
j
s) at time s, and set
◦dβs = q(f
0
s ,g
0
s)
1
2 A−1s ◦dws. (3.2)
12
Consult for instane hapter 10 of the book [14℄ of P. Malliavin.
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Definition 3. Dene the Rd-valued proess β as above. A (V, z)-diusion in (M, q) is an
OM-valued proess {es}s>0 =
{
(ms,gs)
}
s>0
satysfying the stohasti dierential equation
◦des = H0(es)ds+ V (es)ds + Vi(es) ◦dβ
i
s. (3.3)
If you do not feel omfortable with this stohasti dierential equation, we shall give a step-
by-step desription of the dynamis in the next setion. The remarks on probabilisti formalism
and existene and uniqueness results made in setion 2.1, g) apply here. Let us emphasize the
interest that the above general denition might have for modelization. It provides a model of
evolution of an objet whih has internal parameters (suh as a spin) inuening the way it
interats with the surrounding medium, and whose value at some proper time depends on its
past history. Challenging questions arise from this non-Markovianity of the model; yet, as only
Markovian examples have been studied so far, we shall mainly explore this situation in the sequel.
Example: Franhi-Le Jan diusion using o-ordinates. This diusion is the (0, e.)-
diusion, rst dened in [3℄. Note that the (0, e.)-diusion is essentially the unique (V, z)-diusion
determined entirely by the geometri bakground (M, q). We asked in setion 2.1, e) whih en-
tity ould give rise to the random exitement Vi(es) ◦dw
i
s that enters in the equations of motion
of the Dudley(-Franhi-Le Jan)-diusion proess in the empty spaetime of Minkowski. This
objetion disappears when we onsider the (0, e.)-diusion in any spaetime (M, q) ontaining
matter. It is in that ase possible to add to the marosopi desription of matter given through
the stress-energy-momentum (non-null) tensor a mirosopi (quantum) desription of matter
from whih randomness an be infered to ome
13
.
Equation (3.3) takes for this proess the form
◦des = H0(es)ds+ Vi(es) ◦dw
i
s.
To desribe how we an write equation (3.3) using o-ordinates, note rst that the data of loal
o-ordinates xi on M indues loal o-ordinates on TM: a vetor p ∈ TmM will be written
p =
∑
i=0..d
pi∂xi . Denoting then by Γ : R
1+d × R1+d → R1+d the Christofel map assoiated with
these o-ordinates, the dynamis of the Franhi-Le Jan diusion takes the form
◦dms = g
0
sds,
◦dg0s = −Γ(g
0
s ,g
0
s) ds +
∑
i=0..d
gis◦dw
i
s,
◦dgjs = −Γ(g
0
s ,g
j
s) ds + g
0
s◦dw
j
s, for j = 1..d.
(3.4)
These equations have to be written using the preeding o-ordinates. If one wishes to use Ito
dierentials, the system beomes
dms = g
0
sds,
dg0s =
(
−Γ(g0s ,g
0
s) +
d
2
g0s
)
ds +
∑
i=0..d
gis dw
i
s,
dgjs =
(
−Γ(g0s ,g
j
s) +
1
2
gjs
)
ds+ g0s dw
j
s, for j = 1..d.
(3.5)
13
Consult the artile [6℄ for results in this diretion.
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Remark that if we write Qm the matrix of the metri in these o-ordinates at point m, then the
o-variane matrix of the martingale
∑
i=0..d
gis dw
i
s is equal to g
0
s(g
0
s)
∗−Q−1ms(
14
). The fat that it
depends only on ms and g
0
s implies that the sub-proess
{
(ms,g
0
s)
}
s>0
is itself a diusion. The
investigation of suh situations is the objet of the next setion.
Note, en passant, that sine we an read the matrix Qms on the o-variane of the martingale
part of g0s , it means that the loal geometry of (M, q) an be reovered from the pathwise study
of the sub-proess
{
(ms,g
0
s)
}
s>0
. To determine what amount of information on the large sale
struture of the spae (M, q) one an obtain from the pathwise study of this proess or of the
(V, z)-diusion is a muh harder task; we shall ome bak to it in setion 3.3.2.
The heuristi explained in setion 2.1 and motivating the above denition of (V, z)-diusions
should make it lear that (V, z)-proesses should be onsidered as models of diusion in a ho-
mogeneous medium. Note yet that the input of a non-isotropi exitement in plae of dw in
equations (3.2), (3.3) would provide models of diusions in a non-isotropi medium.
Hypothesis for the remainder of the artile. With in mind the diusion of partiles in a
uid, we shall suppose from now on that the ow of the vetor eld V leaves eah ber of the
projetion (m,g) ∈ OM 7→ m ∈M stable.
3.2 Sub-diusions in HM.
As emphasized in setion 2.1, a) in the framework of Minkowski spaetime, (V, z)-diusions
dened above an be onsidered as models of random motion of an innitesimal rigid objet in
a relativisti medium. It might be interesting in some situations to dene what ould be the
random motion of a point in suh a medium. To investigate a physially motivated lassial
framework, we shall onentrate on Markovian proesses.
As noted after denition 3, the (V, z)-diusions are not Markovian unless we hoose a Marko-
vian previsible proess z:
zs(e.) = z(es).
This requirement is not suient yet to ensure that the sub-proess
{
(ms,g
0
s)
}
s>0
of {es}s>0
is itself a Markov proess. We give in paragraph a) a simple ondition whih is proved to be
suient in paragraph b). Several examples are examined in paragraph ).
Throughout this setion, we shall suppose z regular enough to have existene and strong
uniqueness in the system (3.2), (3.3). We shall denote by
15
HM =
{
(m,g0) ∈ TM ; m ∈M, g0 ∈ TmM future-oriented unit vetor
}
the (future-oriented) unit sub-bundle of TM. This spae is the phase spae of the set of C1
timelike paths in (M, q). The map
π : OM→M
will denote the projetion (m,g) 7→ m, and π˜ : OM→ HM the projetion (m,g) 7→ (m,g0).
a) A suient ondition to a have a sub-diusion in HM. In addition to the hypothesis
π∗V = 0 made above, we shall suppose that
14
We write here g
0
for the vetor of its o-ordinates in the basis {∂xi}i=0..d.
15
Reall that we have supposed (M, q) time-oriented.
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• there exists a vetor eld V̂ on HM suh that V is the horizontal lift of V̂ to OM(16).
We shall begin our investigation with the partiular ase of the (0, e.)-diusion of Franhi and
Le Jan. Remember equation (3.1) desribing the ation of O(1, 3) on OM. This ation indues
a right ation of O(3) ⊂ O(1, 3) on OM, whih amounts to rotate the vetors g1,g2,g3 in the
Eulidean spae they generate and leaves HM ⊂ OM stable. Given the Brownian input w in
equations (3.2), (3.3), denote by
e(s, e0 ; w) (3.6)
the (unique strong) solution started from e0. We have for any g ∈ O(3)
π˜
(
e(s, e0g ; w)
)
= π˜
(
e(s, e0 ; gw)
)
.
Sine gw is also a Brownian motion, the law of
{
π˜
(
e(s, e0 ; gw)
)}
s>0
does not depend on g ∈
O(3), but only depends on π˜(e0) ∈ HM. The sub-proess
{
π˜
(
e(s, e0 ; w)
)}
s>0
is thus a diusion
in HM.
b) A step-by-step desription of the dynamis. The general ase is overed by the fol-
lowing theorem.
Theorem 4. Suppose there exists a funtion z
0 : OM→ HM suh that
• z0(e) = z0
(
(m,g)
)
∈ HmM depends only on (m,g
0), and
• z(es) =
(
ms,
(
z
0(es), f
1(es), ..., f
d(es)
))
(3.7)
for some funtions f1, ..., fd. Let (m,g0) ∈ HM. Then, given any hoie of e0 ∈ OM suh that
π˜(e0) = (m,g
0), the law of the HM-valued proess π˜
(
e(. , e0 ; w)
)
depends only on (m, p) and
the funtion z
0
, and not on the partiular hoie of f1, ..., fd and e0. The proess π˜
(
e(., e0 ; w)
)
is a diusion in HM.
We shall present a heuristi proof of this fat, the remaining work being just a matter of
formalism. Equation (3.2) and (3.3) are the mathematial expression of the following heuristi
dynamis explaining how on onstruts es+δs from es.
1. Set ms+δs = ms + g
0
s ds,
2. then, set g0s+δs = g
0
s+δg
0
s+ V̂(ms,g0s)δs. The inrement δg
0
s is the only vetor of Tg0s
(
HmM
)
suh that its projetion in span
(
f1(es), ..., f
d(es)
)
parallelly to z
0
(
(ms,g
0
s)
)
is equal to the
saled Brownian inrement q
(
z
0(es),g
0
s
) 1
2
d∑
i=1
f i(es) ◦dw
i
s.
3. Last, transport parallelly {g1s , ...,g
d
s} along the inrement δg
0
s + V̂(ms ,g0s) of g
0
s .
Examining this desription of the dynamis, we see that any previsible orthonormal transform
of the basis
{
f1(es), ..., f
d(es)
}
will leave the law of the Brownian inrement unhanged, so that
the law of δg0s will also be left unhanged. Note also that the hanging e0 ∈ OM to another
starting point with the same HM-projetion will only inuene the dynamis of g1s , ...,g
d
s . These
remarks justify theorem 4. To put this argument in a polished probabilisti form is a matter of
formalism.
16
Denote by ϕt(.) the ow of the vetor eld V on OM and by {bϕt}t>0 the ow of bV on HM. The above
hypothesis means that the point ϕt
`
m, (g0, g1, ..., gd)
´
∈ OmM is obtained by parallel transport of (g
1, ..., gd)
along the path
˘bϕs`(m,g0)´¯
s6t
in HmM.
18
) Examples.
1. Dudley-Franhi-Le Jan diusion in Minkowski spaetime ([2℄, [3℄). We have
already given its desription in 2.1, f), 2: {g0s}s>0 is a Brownian motion on H and ms =
m0 +
∫ s
0 g
0
r dr. The usual stohasti development proedure an be applied to this proess
to onstrut its HM-version from its HR1,3-version; see [3℄, theorem 1.
2. R.O.U.P. in Minkowski spaetime ([4℄). This proess is the HR1,3-sub-proess of the
(V, Id)-diusion on OM, where V
(
(m,g)
)
= −α grad(ln γ), for some positive onstant α,
and γ = q(ε0,g0). In this at spaetime with global o-ordinates (t, x), the dynamis
may be re-parametrized by the time t; the state spae then beomes
{
(x, q) ∈ R3 × R3
}
,
where (t, x) are the o-ordinates of m and q is the span(ε1, ε2, ε3)-part of g0. With these
notations, γ = γ(q) =
√
1 + |q|2
Eul
. The step-by-step desription of the dynamis (or,
more formally, the stohasti dierential equation (3.3)) immediately yields the following
stohasti dierential equations for (xt, qt), where w is an R
3
-Brownian motion:
dxt =
qt
γ(qt)
dt,
dqt = −2α
qt
γ(qt)
dt+ ◦dwt;
(3.8)
this is the original desription of the R.O.U.P. up to some onstants.
Notie that the proess {qt}t>0 is a Kolmogorov diusion in R
3
. It has a unique invariant
measure µ, whih is a probability and has density with respet to Lebesgue measure pro-
portional to e−4αγ(q). As we have lim|q|,∞
(
|4α∇γ|2−4α△γ
)
(q) = 16α2 > 0, a well known
theorem ensures us that µ satises a Poinaré inequality. As is also well known17, this
implies that the semi-group of the poress {qt}t>0 onverges to equilibrium exponentially
fast in L2(µ), at least like e−16(α
2−δ) t
, for any δ > 0. This fat sheds some light on the
numerial simulations made in setion 4 of the artile [4℄.
R.O.U.P. in an arbitrary inertial frame
18
. It might be enlightening to write down
the equation of the dynamis using the time r and the (x,q)-o-ordinates assoiated with
any orthonormal frame g of R1,3. We shall write F (r, qr) for the damping fore in these
o-ordinates; note that is depends on r and pr. Its preise expression is unimportant.
To take advantage of the desription of the OR1,3 proess given in the above step by
step desription of the dynamis, and to take advantage of the irrelevane of the preise
orthonormal frame {g1s ,g
2
s ,g
3
s} of Tg0sH we use in this onstrution, we hose to take as a
basis of Tg0sH the family{
g1 − (g1,g0s)g
0
s , g
2 − (g2,g0s)g
0
s , g
3 − (g3, g0s)g
0
s
}
and write down the Vet(g1,g2,g3)-part of the inrement of dg0s as
(∗) =
∑
k=1..3

 ∑
j=1..3
(
gj − (gj , g0s)g
0
s ,g
k
)
◦dβjs

gk.
In this expression, the matrix As used to dene β has oeient (i, j) equal to
(
εi,gj − (gj ,g0s)g
0
s
)
;
it depends only on g0s . Swithing from the desription in terms of proper time s to the
17
See for instane the book [15℄ of C. Ané et al.
18
Compare with the artile [13℄.
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evolution in terms of time r results in multiplying (∗) by
(dr
ds
) 1
2
= q(g0,g0s)
− 1
2 = γ(qr)
− 1
2
.
This nally gives
dxr =
qr
γ(qr)
dr,
dqr = F (r, qr) dr + γ(qr)
− 1
2
∑
k=1..3
( ∑
j=1..3
(
gj − (gj , g0r)g
0
r ,g
k
)
◦dβjr
)
gk.
(3.9)
The vetor g0r ∈ H is determined by qr. No other hoie of g
1
s ,g
2
s ,g
3
s would give something
fundamentally simpler. This ompliated expression of the dynamis means nothing else
than the inadequay of the hoie of o-ordinates to desribe it.
3. R.O.U.P. in the spaially at Robertson-Walker spaetime ([16℄). This model on
expanding universe is the produt R×R3 equipped with a metri of the form dt2−a(t)2dx2,
where a > 0. As in the preeding example, one an desribe the trajetories of the R.O.U.P.
using the absolute time t and the state spae
{
(x, q) ∈ R3 × R3
}
. We shall write γt(q) =√
1 + a(t)2|q|2
Eul
. The step-by-step sheme (or equation (3.3)) yields the equations of
dynamis:
dxt =
qt
γt(qt)
dt,
dqt = −2αa(t)
2 qt
γt(qt)
dt+
1
a(t)
◦dwt;
(3.10)
the gradient part inHmM gives rise to the term−2αa(t)
2 qt
γt(qt)
dt, w is an R3-Brownian mo-
tion, and the
1
a(t)
◦dwt term is the Brownian inrement in the Eulidean spae
(
R3,−a(t)2dx2
)
(
19
).
It an be proved that this diusion has an innite lifetime.
4. Franhi-Le Jan diusion in the spaially at Robertson-Walker spaetime. We
shall use the notation (m,g0) for a point of HM to desribe the dynamis of this proess.
Using the anonial o-ordinates (t, x) in R×R3 and denoting by
(
(t, x), (t˙, x˙)
)
the assoi-
ated o-ordinates in TM, we have seen in equation (3.5) that the equations of the dynamis
take the form
20
dms = g
0 ds,
dt˙s =
(
3
2
t˙s − (aa
′)(ts)‖x˙s‖
2
Eul
)
ds+ dM t˙s,
dx˙s =
(
3
2
− 2
a(ts)
a′(ts)
t˙s
)
x˙s ds+ dM
x˙
s ,
(3.11)
where the R4-valued loal martingale M =
(
M t˙,M x˙
)
has o-variane
(
t˙2s − 1 t˙sx˙
∗
s
t˙sx˙s x˙sx˙
∗
s + a
−2(ts)Id3
)
.
19
Compare the derivation of these equations with the approah of the artile [16℄ of F. Debbash. Note that
the dynamis is desribed in this paper not in HM ⊂ TM but in T ∗M.
20
Consult for instane proposition 35, p.206 of the book [17℄ by O'Neill for the omputation of the Christoel
symbols in a warped produt.
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It has been shown by J. Angst that this diusion has an innite lifetime. Remark that
the R2-valued sub-proess
{
(ts, t˙s)
}
s>0
is a diusion. This kind of deomposition of the
diusion into smaller dimensional diusions has been the key of the previous investigations
in Shwarzshild and Gödel's spaetimes. See [3℄ and the artile [18℄ of J. Franhi.
3.3 One-partile distribution funtion
The aim of this setion is to larify the so-alled notion of one-artile distribution funtion in the
general framework of Markovian (V, z)-diusions on any Lorentzian manifold. We shall dene it
properly in setion 3.3.1 and prove in theorem 11 that it satises a remarkable equation. This
theorem will justify the analyti approah developped by F. Debbash and his o-workers, as
exposed in [5℄ or [1℄ and the referenes ited therein. The relevane of this notion in the study
of L-harmoni funtions will be desribed in setion 3.3.2.
The approah to one-partile distribution funtions developped here is similar in spirit to the
physial approah exposed in the artile [11℄, in a physial/mathematial style
21
. It should be
noted yet that only the speial relativisti situation is investigated in this artile, whereas we
deal below with the general relativisti ase.
In order to ease the understanding of the situation, we shall make a hypothesis on the
global geometry of the spae (M, q). We shall suppose the spaetime(M, q) strongly ausal :
every point of M has arbitrary small (onneted) neighbourhoods whih no non-spaelike paths
interset more than one. This is a mild global assumption on the geometry of the spae, satised
by most of the models of physial spaetimes. This exludes, yet, pathologial spaes where losed
timelike paths exist, like Gödel's spaetime.
We shall also use the following loal property, shared by all Lorentzian open manifold. Any
point has an open (relatively ompat onneted) neighbourhood on whih a time funtion is
dened. By time funtion we mean a smooth funtion whose level sets are spaelike hypersur-
faes
22
. We shall denote by Um suh a neighbourhood assoiated to a point m ∈ M. We shall
suppose Um small enough to have the property that no non-spaelike paths interset it more
than one. As a onsequene, it will enjoy the following extra property. Any timelike path in
(M, q) will hit any spaelike hypersurfae of Um at most one. This property will be the main
ingredient used to dene of the one-partile distribution of (V, z)-diusions.
3.3.1 One-partile distribution funtion.
The initial point e0 of the (V, z)-diusion will be xed throughout this paragraph. Given a point
e = (m,g) ∈ OM, dierent from e0, dene the olletion
Ve =
{
V ; spaelike hypersurfaes of M ontained in Um and suh that m ∈ V and TmV =
(
g0
)⊥}
.
Assoiate to any V ∈ Ve the hitting time
H = inf{s > 0 ; ms ∈ V}.
Given any point m′ in M we shall denote by Volm′(dg) the Haar measure on Om′M, normalized
in suh a way that its projetion on Hm′M is the Riemannian volume element indued by q.
Reall the denition of OV =
{
(m̂, ĝ) ∈ OM ; m̂ ∈ V, ĝ ∈ TmM
}
. Let us insist on the fat that
even if V is a sub-manifold of M, the element g′ of a point (m̂, ĝ) ∈ OV is not an orthonormal
21
Consult also the artile [12℄ of W. Israel for a similar point of view.
22
We shall onstrut these neighbourhoods in the beginning of the proof of proposition/denition 5.
21
basis of T bmV, but an orthonormal basis of T bmM. We shall write ê = (m̂, ĝ) for a generi element
of OV and shall denote by σV(dm̂) the volume element indued by q on V. With these notations,
we shall endow the bundle OV with the measure
VolOV(dê) = Volbm(dĝ)⊗ σV(dm̂).
Reall that the point e = (m,g) ∈ OM has been xed above.
Proposition/Definition 5. Let V ∈ Ve.
1. The random variable eH1H<∞ has a smooth density fV(e0 ; ê) with respet to the measure
VolOV(dê) on OV.
2. We have fV′(e0 ; e) = fV(e0 ; e) for any other V
′
in Ve.
So this quantity fV(e0 ; e) is independent from V ∈ Ve; all it the value at point e of the one-
partile distribution funtion of the (V, z)-diusion started from e0. We shall denote it
by f(e0 ; e); it is dened for e 6= e0.
As is lear from its denition, this funtion takes the same value on points with the same
HM-projetion. Given any point e0 ∈ OM, we shall adopt the usual onventions and shall denote
by
I+(e0) = I
+
(
(m0,g0)
)
=
{
(γ(1),g′) ∈ OM ; γ future-oriented timelike path, γ(0) = m0, g
′ ∈ Oγ(1)M
}
the hronologial future of e0. This is an open set of OM. It omes from the support theorem
of Strook and Varadhan that f(e0 ; ·) is positive in I
+(e0) and null outside the losure of
I+(e0)(
23
).
We desribe here the proof of proposition/denition 5 without tehnialities.
m ∈ V
g
0
normal ow lines
V
Vε
e
V−η
path of a (z, V )-diusion
dieomorphism from Vε to V−η
Figure 3: Construting the one-partile distribution funtion.
We use the same idea as in setion 2.2 where a family of onstant time hyperplanes was
used to re-parametrize the proess. These global objets will be here replaed by loal ones: the
normal variation {Vε}ε∈(−η,η) of the spaelike hypersurfae V. Their loal denition is illustrated
in gure 3. Suppose that e0 belongs to V−η; the timelike path {es}s>0 will then hit eah Vε
23
In Minkowski spaetime, this result omes from proposition 8 in the artile [19℄ of I. Bailleul. A similar proof
an be given in the general framework of Markovian (V, z)-diusions on any OM.
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one, at inreasing ε. So we an use ε as a time parameter in plae of s. Using the ow of the
normal variation, we an onsider the re-parametrized path as a hypoellipti diusion in V. We
shall then get the onlusion from Hörmander's theorem on hypoelliptiity.
The seond point of proposition/denition 5 is established using the property of the sets
Um mentionned in the introdution. Indeed, suppose that V
′
and V not only have the same
tangent spae at m but are equal in a neighbourhood U of m in V. Then, sine V′ is a spaelike
hypersurfae of M ontained in Um and sine no spaelike path of (M, q) an hit V
′
or V more
than one, the set of trajetories of the (V, z)-proess hitting OV′ in OU is the same as the set
of trajetories hitting OV in OU . So the densities of eHV′1HV′<∞ and eHV1HV<∞ are under Pe0
equal on OU , i.e. fV′(e0 ; ê) = fV(e0 ; ê) for any ê ∈ U . Shrinking U to {m} formally gives the
seond point of proposition/denition 5.
✁ Proof  1. Normal variation of a spaelike hypersurfae. Let V ∈ Ve. For m̂ ∈ V
and ε small enough, dene φε(m̂) as the position at time ε of the geodesi started from m̂
leaving V orthogonally, in the future diretion. Then there exists (as a onsequene of the
loal inversion theorem) a positive onstant η and an open set U ⊂ M suh that the map
φ : (−η, η) × V → U , (ε, m̂) 7→ φε(m̂) is a dieomorphism. It has the following properties,
where we write Vε for φε(V).
• φ0(m̂) = m̂,
• ∂εφε(m̂) ∈ Hφε(bm)M, and
• ∂εφε(m̂) is orthogonal to Tφε(bm)Vε.
The family of spaelike hypersurfaes {Vε}ε∈(−η,η) is alled the normal variation of V.
The open set U has the funtion ε as a time funtion24. We shall suppose without loss
of generality that U is dieomorhi to an open set of R1+d. The dieomorphism φ an
be extended to (−η, η) × OV → OU . To that end, given ε ∈ (−η, η) transport parallelly
g ∈ O bmM along the path
{
φt(m̂)
}
t∈[0,ε]
; write T
φ
ε←0g for the element of Tφε(bm)M obtained
that way. The map (
ε, (m̂,g)
)
∈ (−η, η) ×OV→
(
φε(m̂), T
φ
ε←0g
)
∈ OU
is easily seen to be a dieomorphism extending φ. We shall still denote it by φ.
Notations. Given a point m ∈ Vε, we shall denote by ̟(m) the future unit timelike vetor
orthogonal to TmVε. We an extend this vetor elds ̟ on U ⊂ M to a vetor eld on OU
lifting it horizontally; we shall still denote it by ̟. In addition to this vetor eld ̟ on OU
we shall need some more notations.
• γ := q(̟(e),g0) will be a funtion of e = (m,g) ∈ OM.
• The ∗OVε-operation will stand for taking the L2(VolOVε)-dual.
• Last, Hε will denote the hitting time of OVε ⊂ OM.
Given a point e ∈ OM, we shall denote by I−(e) its timelike past :
I−(e) = I−
(
(m,g)
)
=
{
(γ(1),g′) ∈ OM ; γ past-oriented timelike path, γ(0) = m, g′ ∈ Oγ(1)M
}
.
The timelike past of a set will be the union of the timelike past of its elements.
a) We shall suppose rst that e0 belongs to OU . If e0 = (m0,g0) does not belong to the
(losure of the) timelike past of V, then no timelike path started from m0 an ever hit V,
24
These sets U are those used in the introdution to onstrut the sets Um.
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so the funtion f(e0 ; ·) is null in a neighbourhood of OV. As we are interested in what
happens near OV, we shall make the hypothesis that e0 belongs to the timelike past of V.
We shall suppose, without loss of generality , that e0 ∈ V−η; it will be xed throughout this
paragraph.
As the hitting times Hε will be Pe0-almost surely nite under the preeding hypothesis, we
an onsider the re-parametrized proess {eHε}ε∈(−η,η); it has generator γ
−1 L. We shall
deompose this operator under the form
∀ e = φε(ê),
Lf
γ
(e) = (̟f)(e) + L̂(f ◦ φε) (ê) = (̟f)(e) +
(
Lf
)
(e), (3.12)
where L̂ is a (smooth) seond order dierential operator on OV, and where, as a onsequene,
L ats only on OVε. Now, dene the OV-valued proess
{
êε
}
ε∈(−η,η)
:=
{
φ−1ε (eHε)
}
ε∈(−η,η)
and denote by ℓ̂ε its time-dependent generator. The vetor elds V and Vi ating only on
the bers of the projetion OM → M, it is easily seen that ℓ̂ε is a hypoellipti operator, so
the random variable êε has for any ε ∈ (−η, η) a smooth density with respet to to VolOV.
It follows that eH = ê0 also has a smooth density with respet to VolOV.
b) To deal with the general ase where e0 does not belong to OU , we an suppose without
loss of generality that V is a subset of a spaelike hypersurfae V′ suh that the analysis
of point a) applies and suh that any timelike path hitting OU hits V′−η′ before. Then,
denoting by h(e0 ; ê)VolOV′(dê) the smooth hitting distribution of OV
′
by the proess e.
under Pe0 , we have
∀A ⊂ OV, Pe0
(
eH ∈ A, H <∞
)
=
∫
A
(∫
h(e0 ; ê)f(ê ; e
′)VolOV′
−η′
(dê)
)
VolOV(de
′);
from whih we onlude that the random variable eH1H<∞ has under Pe0 a smooth density
with respet to VolOV, equal to fV(e0 ; e) =
∫
h(e0 ; ê)f(ê ; e
′)VolOV′
−η′
(dê).
2. The formal proof of this point proeeds using a slightly dierent point of view than
the heuristi desribed before the beginning of the proof of proposition/denition 5. Fix
e = (m,g) ∈ OM and let η0 > 0 be smaller than the radius of denition of the (Lorentzian)
exponential map expm : TmM → M, and small enough for the geodesi ball of radius η0 to
be inluded in Um. Given η < η0, denote by Aη the hypersurfae of M dened as
Aη := {expm(sT ) ; |s| < η, T ∈
(
g0
)⊥
}.
For η0 small enough, the hypersurfae Aη0 will be spaelike; pik suh an η0. Denote also by
Bη the set of points of M of the form expm′(sU) for m
′ ∈ Aη , |s| < η
2
and U ∈ Tm′M.
Aη
m
VBη
V
Bη
2η2
2η
The set Bη has two important properties. We use the notation V for any spaelike hyper-
surfae belonging to Ve. Reall that σV stands for the volume element indued by q on
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V.
Vol(Bη)
ηd+2
−→
η,0+
cd (3.13)
If we write VBη for the intersetion of V with the hronologial past and future of Bη in Um,
we have
σV(VBη)
ηd
−→
η,0+
cd. (3.14)
The onstant cd appearing above is the Eulidean volume of the unit ball of R
d
. Given now
any hypersurfae V ∈ Ve, 0 < η < η0 and a positive integer N , run N independent (V, z)-
diusions started from e0. We shall write e
(i)
H(i)
for the random position of the ith diusion
stopped at the random time H(i) where it hits OV (provided this time is nite). Assoiate
to a given real valued Lipshitz funtion ϕ on OUm the random variable
FN (η) :=
∑
i=1..N
ϕ
(
e
(i)
H(i)
)
1H(i)<∞1e(i)
H(i)
∈OVBη
. (3.15)
The almost sure following limit is a onsequene of the strong law of large numbers:
lim
N+∞
FN (η)
N
=
∫
OVBη
ϕ(ê) fV(e0 ; ê)VolOV(dê).
If we now let H
(i)
Bη
be the hitting time of the set Bη by the i
th (V, z)-diusion, set
GN (η) :=
∑
i=1..N
ϕ
(
e
(i)
H
(i)
Bη
)
1
H
(i)
Bη
<∞
.
Sine ϕ is Lipshitz and Bη has a 'height' of order η
2
, we have∣∣∣∣ϕ(e(i)H(i))1H(i)<∞1e(i)
H(i)
∈OVBη
− ϕ
(
e
(i)
H
(i)
Bη
)
1
H
(i)
Bη
<∞
∣∣∣∣ 6 Cη2
for some positive onstant C; it follows that∣∣∣∣∣ limN,∞
(
GN (η)
N
−
FN (η)
N
)∣∣∣∣∣ 6 Cη2.
Together with equations (3.13), (3.14), (3.15), this equation gives us the existene and the
value of the limit
lim
η,0
(
Vol(Bη)
−d
d+2 lim
N,∞
GN (η)
N
)
=
∫
OmM
ϕ(m, ĝ) fV
(
e0 ; (m, ĝ)
)
Volm(dĝ).
The left hand side being independent of V, the funtionnal of the Lipshitz funtion ϕ
dened by the right hand side is also independent of V. The lass of Lipshitz funtions if
rih enough to onlude from that fat that the measure fV(e0 ; ·)Volm(·) is independent of
V ∈ Ve, whih implies that fV(e0 ; e) itself is independent of V ∈ Ve. ✄
To state the next proposition on f(e0 ; ·) we shall write V for a spaelike hypersurfae of M
and shall denote by H the hitting time of OV. Given a point ê =
(
m̂, ĝ
)
∈ OV, we shall denote
by ̟V(ê) the future unit timelike vetor orthogonal to T bmV (in aordane with the previous
notation). This fundamental proposition extends the seond point of theorem 2 to the general
framework adopted in this setion.
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Proposition 6. Let e0 be a point of OM not belonging to OV. We have
Ee0
[
f(eH)1H<∞
]
=
∫
OV
f(ê) q
(
ĝ0, ̟V(ê)
)
f(e0 ; ê)VolOV(dê) (3.16)
for any bounded funtion f on OV.
✁ Proof  We shall use the notation fV(e0 ; ·) to denote the (smooth) density of the law of the
random variable eH1H<∞ under Pe0 , with respet to VolOV. Given a point e ∈ OV, we are
going to prove that
fV(e0, e) = q
(
̟V(e),g
0
)
f(e0 ; e). (3.17)
This point e = (m,g) is now xed. We shall denote by W a hypersurfae of Ve; we have
seen in proposition/denition 5 that f(e0 ; e) = fW(e0 ; e).
Idea of the proof. The idea of the proof is simple and illustrated in gure 4. Pik a
positive integer N ; it will be sent to innity at the end of the proof. Let
{
Vε
}
ε∈(−η,η)
be
the normal variation of V. The positive real η is hosen in suh a way that any timelike
geodesi started from V−η, of length >
1
N
, hits Vη. It impliitly depends on N ; we hoose it
as a dereasing funtion of N onverging to 0 as N inreases to innity. We shall write V′−η
for the set of points of V−η from whih any future-oriented timelike path hits V. We an
suppose without loss of generality that the hypersurfae W is inluded in U =
⋃
ε=(−η..η)
Vε.
g
0
Am V
XW
W
BZ
V−η
Vη
V′−η
eH−η
XV
A′Z
Figure 4: Proof of proposition 6.
Given a point e˜ = (m˜, g˜) ∈ OV′−η, we shall write mV(e˜) for the intersetion of the future-
oriented geodesi γe started from m˜ in the diretion g˜0 and by gV(e˜) the image at the point
mV(e˜) of g˜ by parallel transport along γe. We set
XV(e˜) :=
(
mV(e˜),gV(e˜)
)
.
The point XW(e˜) is dened similarly using W in plae of V. Let us denote by H
′
−η the
hitting time of OV′−η and set
XV := XV(eH′−η )1H′−η<∞ ∈ OV and XW := XW(eH′−η )1H′−η<∞ ∈ OW.
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We are going to see that these random points have smooth densities at e whih satisfy
equation (3.17); they both depend on N . Equation (3.17) itself will be obtained as a limit,
sending N to innity.
Proof. Given a (small) open neighbourhood A of m in V dene B ⊂W as the intersetion
of W with the hronologial past and future of A in U . Pik A and η small enough in suh a
way that any timelike path hitting A or B hits V′−η before. All open sets A used hereafter
will impliitly be supposed to be inluded in this xed A.
The following lemma is proved noting that the maps XV : X
−1
V (OA) → OA and XW :
X−1W (OB)→ OB are well dened smooth dieomorphisms; as suh, the push forwards of any
smooth measure on OV′−η by these maps are smooth measures on OA and OB respetively.
Lemma 7. The laws of the random variables XV1XV∈OA and XW1XW∈OB under Pe0 have
smooth densities with respet to 1OAVolOV and 1OBVolOW respetively.
These densities are denoted by f
(N)
V (e0 ; ·) and f
(N)
W (e0 ; ·) respetively
25
. We are going to
prove that we have
q
(
̟V(e),g
0
)
f
(N)
W (e0 ; e) = f
(N)
V (e0 ; e); (3.18)
we shall then get identity (3.17) using the following lemma.
Lemma 8. • f
(N)
V (e0 ; e) −→
N+∞
fV(e0 ; e).
• f
(N)
W (e0 ; e) −→
N+∞
f(e0 ; e).
To proeed further and establish identity (3.18), we need to give some denitions. If V and
η are hosen small enough, there exists a bundle isomorphism trivializing OU :
ψ : R1,d × SO0(1, d) → OU .
We shall denote by (ζ, g) the point ψ−1(e) = ψ−1
(
(m,g)
)
; the set Z will be the intersetion of
a small Eulidean ball ofM1+d(R), of enter g, with SO0(1, d). Set AZ := OA∩ψ
(
R1,d×Z
)
.
The set BZ ⊂ W is the dened as the set of points of W of the form expbm(sT̂ 0), with
(m̂, T̂ ) ∈ AZ . The olletion of all the (m
′,g′) ∈ OBZ where m
′ = exp bm(sT̂ 0) and g′ is the
image of T̂ by parallell transport along the geodesi expm′(·T
0) is denoted by BZ . Similarly,
A′Z is dened as the set of points of V of the form expbm(sT̂
0), with (m̂, T̂ ) ∈ BZ . The
olletion of all the (m′,g′) ∈ OV, where m′ = expbm(sT̂ 0), (m̂, T̂ ) ∈ BZ , and g′ is the image
of T̂ by parallell transport along the geodesi expbm(· T̂ 0), is denoted by A′Z . The range of s
in these denitions is restrited in suh a way that the geodesis exp·
(
·T 0
)
remain in U .
To prove identity (3.18) we start from the inlusions{
XV ∈ AZ
}
⊂
{
XW ∈ BZ
}
⊂
{
XV ∈ A
′
Z
}
to get the inequalities
1 6
Pe0
(
XW ∈ BZ
)
Pe0
(
XV ∈ AZ
) 6 Pe0(XV ∈ A′Z)
Pe0
(
XV ∈ AZ
) ,
i.e.
1 6
∫
f
(N)
W (e0 ; ê)1BZ (ê)VolOW(dê)∫
f
(N)
V (e0 ; ê)1AZ (ê)VolOV(dê)
6
Pe0
(
XV ∈ A
′
Z
)
Pe0
(
XV ∈ AZ
) . (3.19)
We are going to obtain identity (3.18) taking suessively the supremum limit in the above
inequalities, rst as A dereases to {m}, and then as Z desreases to {g}. This nal step
rests on the following fat.
25
Reall η, and so XV and XW, depend on N .
27
Lemma 9. lim
Zց{g}
lim
Aց{m}
Pe0
(
XV ∈ A
′
Z
)
Pe0
(
XV ∈ AZ
) = 1.
This omes from the fat that the ratio of the VolOV−η -volume of the sets
{
e˜ ∈ OV′−η ; XV(e˜) ∈
AZ
}
and
{
e˜ ∈ OV′−η ; XV(e˜) ∈ A
′
Z
}
onverges to 1 as A ց {m} and Z ց {g}. Reall σV
and σW are the volume element indued by q on V and W respetively. It remains to evalu-
ate the ratio of the integals in equation (3.19) to get the onlusion; to that end we use the
following fat.
Lemma 10. • The limit lim
Aց{m}
σW(BZ)
σV(A)
exists, and
• there exists a positive funtion c(Z) of Z, dereasing to 0 as Z dereases to {g}, and
suh that we have(
1− c(Z)
)
q
(
̟V(e),g
0
)
6 lim
Aց{m}
σW(BZ)
σV(A)
6
(
1 + c(Z)
)
q
(
̟V(e),g
0
)
for Z small enough.
◦ To see where this result omes from, write expVm : TmV→ V for the exponential map in V
at point m, and expWm : TmW→ W for the exponential map in W at point m. We measure
volumes in TmV and TmW using the (onstant) volume elements Vol
V
m and Vol
W
m indued
by q on TmV and TmW respetively. Writing A = exp
V
m
(
A˜
)
we have
σV(A)
Vol
V
m
(
A˜
) −→
Aց{m}
1 (3.20)
Assoiate to g˜ ∈ OmM∩ψ
(
R1,d×Z
)
the set B˜eg ⊂ TmM, image of A˜ ⊂ TmV by the projetion
map TmM→ TmW parallelly to g˜
0
. We have on the one hand
Vol
W
m
(⋃
eg B˜eg
)
σW(BZ)
−→
Aց{m}
1,
where the union is taken over all g˜ ∈ OmM ∩ ψ
(
R1,d × Z
)
, and on the other hand
Vol
W
m
(
B˜eg
)
Vol
V
m(A˜)
= q
(
̟V(e), g˜
0
)
.
Together with limit (3.20) these two estimates imply lemma 10. ◦
Deomposing BZ into the union of its bers: BZ =:
⋃
bm∈BZ
B bmZ , we an write the integral∫
f
(N)
W (e0 ; ê)1BZ (ê)VolOW(dê) as∫
W
(∫
O bmM
f
(N)
W
(
e0 ; (m̂, ĝ)
)
1B bm
Z
(ĝ)Volbm(dĝ)
)
1BZ (m̂)VolW(dm̂).
A similar deomposition an be written for
∫
f
(N)
V (e0 ; ê)1AZ (ê)VolOV(dê) using the de-
omposition AZ =:
⋃
bm∈BZ
A bmZ of AZ into bers:
∫
V
(∫
O bmM
f
(N)
V
(
e0 ; (m̂, ĝ)
)
1A bm
Z
(ĝ)Volbm(dĝ)
)
1AZ (m̂)VolV(dm̂).
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Note that AZ and BZ have the same ber at point m, namely B
m
Z = OmM ∩ ψ
(
R1,d × Z
)
.
We get as a onsequene of lemma 10 the following two inequalities:
(
1−c(Z)
)
q
(
̟V(e),g
0
)∫OmM f (N)W (e0 ; (m,g))1BmZ (g)VolOmM(dg)∫
OmM
f
(N)
V
(
e0 ; (m,g)
)
1Bm
Z
(g)VolOmM(dg)
6 lim
Aց{m}
∫
f
(N)
W (e0 ; ê)1BZ (ê)VolOW(dê)∫
f
(N)
V (e0 ; ê)1AZ (ê)VolOV(dê)
and
lim
Aց{m}
∫
f
(N)
W (e0 ; ê)1BZ (ê)VolOW(dê)∫
f
(N)
V (e0 ; ê)1AZ (ê)VolOV(dê)
6
(
1+c(Z)
)
q
(
̟V(e),g
0
)∫OmM f (N)W (e0 ; (m,g))1BmZ (g)VolOmM(dg)∫
OmM
f
(N)
V
(
e0 ; (m,g)
)
1Bm
Z
(g)VolOmM(dg)
.
Taking the supremum limit as Z dereases to {g} and using lemma 10 we obtain
lim
Zց{g}
lim
Aց{m}
∫
f
(N)
W (e0 ; ê)1BZ (ê)VolOW(dê)∫
f
(N)
V (e0 ; ê)1AZ (ê)VolOV(dê)
= q
(
̟V(e),g
0
)f (N)W (e0 ; e)
f
(N)
V (e0 ; e)
.
As equation (3.19) together with lemma 9 tells us that this supremum limit is equal to 1,
we onlude that
q
(
̟V(e),g
0
)
f
(N)
W (e0 ; e) = f
(N)
V (e0 ; e).
Identity (3.17) follows from lemma 8 sending N to innity. ✄
The property of the one-partile distribution funtion emphasized in proposition 6 will be
used to prove the following fundamental theorem.
Theorem 11. We have L∗f(e0 ; ·) = 0 in OM\{e0}.
The approah to relativisti Ornstein-Uhlenbek proess and (general) relativisti diusions
developped so far in the work of F. Debbash and his o-authors relies entirely on a similar
(manifestly ovariant) transport equation, whih is given as the fundamental objet in their
approah. This theorem provides a dynamial justiation of this approah.
✁ Proof  As theorem 11 is of a loal nature, we are going to take for eah point e 6= e0 a V ∈ Ve
and work in the neighbourhood OU of e onstruted in the proof of proposition/denition
5 using the normal variation of V. We shall use here the same notations as there; notie in
addition that in an expresion like q
(
̟(e),g0
)
, the vetor ̟(e) will be seen as an element of
TmM rather than its horizontal lifting.
The beginning of the proof is exatly the same as in point 1, a) of the proof of proposi-
tion/denition 5. We repeat it here to ease the reading ; it is quoted between the two stars
(∗).
1) (∗) We shall suppose rst that e0 belongs to OU . If e0 = (m0,g
0) does not belong to
the (losure of the) timelike past of U , then no timelike path started from m0 an ever hit
V, so the funtion f(e0 ; ·) is null in a neighbourhood of OV. As we are interested in what
happens near OV, we shall make the hypothesis that e0 belongs to the timelike past of V.
We shall suppose, without loss of generality , that e0 ∈ V−η. It will be xed throughout this
paragraph.
As the hitting times Hε will be Pe0-almost surely nite under the preeding hypothesis, we
an onsider the re-parametrized proess {eHε}ε∈(−η,η); it has generator γ
−1 L. We shall
deompose this oeprator under the form
∀ e = φε(ê),
Lf
γ
(e) = (̟f)(e) + L̂(f ◦ φε) (ê) = (̟f)(e) +
(
Lf
)
(e), (3.21)
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where L̂ is a seond order dierential operator on OV, and where, as a onsequene, L ats
only on OVε. Now, dene the OV-valued proess
{
êε
}
ε∈(−η,η)
:=
{
φ−1ε (eHε)
}
ε∈(−η,η)
and
denote by ℓ̂ε its time-dependent generator.(*) This operator is seen to be hypoellipti, so
the random variable êε has for any ε ∈ (−η, η) a smooth density ρ̂(e0 ; ε, ·) with respet to
VolOV whih satises the equation
∀ε ∈ (−η, η), ∂ερ̂(e0 ; ε, ·) = ℓ̂
∗OV
ε ρ̂(e0 ; ε, ·).
ℓ̂∗OVε stands here for the L
2(VolOV)-dual of ℓ̂ε. Let us now denote by Vol
ε
OV the pull-bak
on OV by φε of the measure VolOVε on OVε, and denote by Gε its density with respet to
VolOV. Then êε has a density µ̂ε(e0 ; ε, ·) =
ρ̂ε(e0 ; ε, ·)
Gε
with respet to Vol
ε
OV; it satises
the equation
∂εµ̂ε(e0 ; ε, ·) +
∂εGε
Gε
µ̂ε(e0 ; ε, ·) = ℓ̂
∗OV;ε
ε µ̂ε(e0 ; ε, ·). (3.22)
We have here ℓ̂
∗OV;ε
ε g =
bℓ∗OVε (Gεg)
Gε
for any smooth funtion g. Denote by µ(e0 ; ε, ·) the
density of eSε with respet to VolOVε , and onsider µ and G as funtions of ε and e ∈ Vε,
i.e. onsider them as funtions dened on the open set U . Then, equation (3.22) an be
written
̟µ(e0 ; ·) +
̟G
G
µ(e0 ; ·) = L
∗OVε
µ(e0 ; ·). (3.23)
The operator L has been introdued in equation (3.21). It is useful at that stage to remark
that we have
26
L
∗OVε
= L
∗
as a onsequene of the hange of variable formula, and sine we have a normal variation of
V. The following lemma is needed to make the nal step.
Lemma 12. We have for any smooth funtion f
̟∗f +̟f +
̟G
G
f = 0.
◦ As above, this is onsequene of the hange of variable formula and the fat that we have
a normal variation of V. We have, for any smooth funtion ϕ with ompat support,∫
(̟∗f) (e)ϕ(e)Vol(de) =
∫
f(e) (̟ϕ)(e)Vol(de) =
∫
f(ε, ê) (∂εϕ)(ε, ê)Gε(ê)σ0(dê) dε
= −
∫
(∂εf)(ε, ê)ϕ(ε, ê)Gε(ê)σ0(dê) dε −
∫
(fϕ)(ε, ê) ∂εGε(ê)σ0(dê) dε
= −
∫ (
̟f +
̟G
G
)
(e)ϕ(e)Vol(de).
◦
As a onsequene of this lemma we an use the deomposition given in equation (3.21) to
write equation (3.23) as
L∗
(
µ(e0 ; ·)
γ
)
= 0.
Proposition 6 enables to onlude that L∗f(e0 ; ·) = 0 in U .
26
Reall that Vol is the Liouville measure on OM and that the ∗-operation is the L2(Vol)-dual operation.
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2) To deal with the general ase where e0 does not belong to OU , denote by V
′ ⊂ V an open
subset of V suh that any timelike path hitting V′ hits V−η before. Suh a manifold V
′
will
exist provided η is small enough. For a small enough δ > 0, the set φ(−δ,δ)(V
′) :=
{
φε(m̂) ∈
M ; m̂ ∈ V′ and |ε| < δ
}
will have the property that any timelike path hitting it hits V−η
before. Set
U ′ := Oφ(−δ,δ)(V
′);
this is an open set of OM. To prove theorem 11 on U ′, it sues to remark that for e ∈ U ′
, we have
f(e0 ; e) = Ee0
[
f(eH ; e)1H<∞
]
,
where H is the hitting time of V−η. The previous part of the proof applies to eah funtion
f(eH ; ·). It follows then from the above identity that f(e0 ; ·)
∣∣U ′ is an L∗-harmoni funtion,
as a mean of L∗-harmoni funtions. ✄
3.3.2 L-harmoni funtions
We shall see in setion 3.4 an important appliation of theorem 11 in relation with statistial
irreversibility. Before turning oursleves to that side, we would like to stress in this setion the
importane that theorem 11 might have from a geometrial point of view. To that end, we shall
investigate its meaning in the study of the (0, e.)-diusion of Franhi and Le Jan. As emphasized
after denition 3, this (V, z)-diusion is the only proess of this lass determined entirely by the
geometri bakground (M, q); this property gives it a speial status. Its generator is
L = H0 +
1
2
d∑
i=1
V 2i .
We shall all a C2 funtion on OM satisfying the relation Lf = 0 an L-harmoni funtion.
The lass of bounded L-harmoni funtions and the asymptoti behaviour of the (0, e.)-diusion
are two faes of the same objet: the boundary at innity of the manifold (M, q).
a) Ideal boundaries of manifolds and invariant σ-algebra. Let us illustrate this orre-
spondene realling what happens to Brownian motion on some speial Riemannian manifolds;
as the (0, e.)-diusion, Brownian motion is entirely determined by the geometri environment.
Suppose (M, q) is a simply onneted Cartan-Hadamard manifold: it is a Riemannian manifold,
dieomorphi to some Rn, with urvature bounded by two negative onstants. The exponential
polar o-ordinates (r, θ) ∈ R+×S
d−1
assoiated with any point provide global o-ordinates on M.
These manifolds have the property any sequene of balls {Bi}i>0, with onstant radius, whose
enters leave any ompat, appear uniformly small when seen from within a ompat set: For
any ompat set K and given any ε > 0, there exists an index iε suh that for any i > iε and any
point m ∈ K, whose aoiated system of polar o-ordinates is denoted by (r θ), any point of Bi
has polar angle θ ontained in a region of Sd−1 of diameter no greater than ε. These manifolds
also enjoy the following property: Given any geodesi {γt}t>0 and any point m
′
, there exists
a unique geodesi {γ′t}t>0 started from m
′
suh that the distane between γ′t and γt remains
bounded. These properties motivate the introdution of a ompatiation of M, homeomorphi
to Sd−1, and where a path onverges to a point of tboundary if its polar angle onverges in any
polar system of o-ordinates. Any geodesi onverges to some point of the boundary
27
.
27
See for instane the artile [20℄ of Anderson, or hapter 8 of the book [21℄ of R. Pinsky.
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From a probabilisti point of view, we an investigate the far end of a manifold looking at
what happens to Brownian motion {wt}t>0 on (M, q) as time goes to ∞. To that end, we dene
the invariant σ-algebra of the proess as being generated by the real-valued funtionals F (w.)
depending only on the asymptoti beahaviour of w., i.e. satisfying the identity F
(
{wt}t>0
)
=
F
(
{ws+t}t>0
)
for any s > 0.
Bak in the above Cartan-Hadamard manifold (M, q), pik a point m ∈ M and denote by
(rt, θt) the m-polar o-ordinates of wt. It an be proved
28
that {wt}t>0 onverges Pw0-as to some
random point of ∂M, haraterized by the fat that θt → θ∞ ∈ S
d−1
. It an also be shown
that the invariant σ-algebra is Pw0-indistiguishable from the algebra generated by θ∞. This fat
gives a probabilisti meaning to ∂M, or, onversely, gives a geometri meaning to the invariant
σ-algebra of Brownian motion.
The situation appears to be similar, though subtler, in the Lorentzian framework of Minkowski
spae. Reall the ausal boundary C of R1,3 is the ideal boundary of R1,3 haraterized by the
property that two timelike paths {γt}t>0 and {γ
′
t}t>0 onverge to the same boundary point i
they have the same hronologial past: I−(γ) = I−(γ′). The following theorem has been proved
in the artiles [19℄ of I. Bailleul and [23℄ of I. Bailleul and A. Raugi. It holds for any starting
point e0 of the (0, e.)-diusion.
Theorem 13 ([19℄, [23℄). • The R1,d-part {ms}s>0 of the (0, e.)-diusion onverges Pe0-
almost surely to some random point m∞ of C.
• The σ-algebra generated by m∞ oinides with the tail σ-algebra of {ξs}s>0, up to Pe0-null
sets.
So, we an nd bak the ausal boundary in the probabilisti invariant σ-algebra. This is a
nie feature that might help larify geometrially more ompliated situations, giving a simple
probabilisti piture of what happens. J. Franhi has for example undertaken in [18℄ the study
of the (0, e.)-diusion in Gödel's spaetime. This spae has a trivial ausal boundary, redued
to one point. Yet, he has been able to prove that the invariant σ-algebra of the proess is not
trivial. This suggested, in return, the denition of a purely geometri boundary.
b) Poisson and Martin boundaries. The link between geometry and probability illustrated
above is omplemented by the existing link between invariant σ-algebra on the one hand and
the set of bounded L-harmoni funtions on the other hand29. It is equivalent to determine one
or the other. The set of bounded L-harmoni funtions is alled the Poisson boundary of
(L,M). So, the Poisson boundary of L, the invariant σ-algebra and the geometry at innity of
(M, q) may be seen as three faes of a same objet.
Let us give a last piture of the Riemannian/Brownian situation. We shall get a learer image
looking at any ellipti smooth seond order dierential operator L0 on a onneted (relatively
ompat) open set D of Rn. Reall the Martin boundary of (L0,D) is the olletion of
non-negative L0-harmoni funtions on D(
30
). Martin gave in [24℄ a methof to onstrut this
set and proved that any non-negative L0-harmoni funtion an be uniquely represented as the
baryenter of a nite measure on the set of extreme points of his boundary. This onstrution
is now well understood from a probabilisti point of view (see for instane hapter 7 of Dynkin's
28
See for instane the pioneering artile [20℄ of Anderson, or the artile [22℄ of Y. Kifer.
29
Consult for instane hapter 8 of the book [21℄ of R. Pinsky for the Riemannian ase, and proposition 8 in
the artile [19℄ for the hypoellipti situation appearing in the study of the (0, e.)-diusion in Minkowski spae.
30
This set ontains the Poisson boundary of L0 in D.
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book [25℄). Let us briey desribe it. Denote by G(x, y) the Green kernel of L0 in D, and dene
the funtion
K(x, y) =
G(x, y)
G(x0, y)
, x ∈ D, y ∈ D\{x0},
where x0 is a xed point. Observe that the funtion K(·, y) is L0-harmoni on D\{y}, for any
y ∈ D\{x0}. It follows that we shall onstrut L0-harmoni funtions on D sending y to the
boundary of D, provided the limit limyK(·, y) exists. Martin's boundary is made up of all the
funtions obtained that way. A sequene {yn}n>0 of points of D leaving every ompat D, and
suh that the funtion K(·, yn) onverges
31
, is alled a fundamental sequene for (L0,D). In
short, Martin's theory asserts that the knowledge of fundamental sequenes is equivalent to the
knowledge of the set of non-negative L0-harmoni funtions.
Pinsky gave in [26℄ a probabilisti proof of a useful haraterisation of fundamental sequenes,
known from potential theoretists before
32
. L∗0 will denote the L
2(Leb)-dual of L0 and {P˜x}x∈D
the laws of the diusion {Xt} in D with generator L
∗
0. We shall denote by ζ its exit time from D,
and, given a ompat subset U of D, we shall denote by HU the hitting time of U by {Xt}06t<ζ .
Theorem 14 (Pinsky[26℄). The sequene {yn}n>0 is fundamental for (L0,D) i, for any smooth
ompat subset U of D, the sequene of onditional distributions
{
P˜yn
(
XHU ∈ ·
∣∣HU < ζ)}n>0
onverges.
) A onjeture. Theorem 11 bringing into play L∗ and hitting distributions, through f(e0 ; ·),
it is now time to examine it. Note that
L∗ = −H0 +
1
2
d∑
i=1
V 2i .
So, L∗ is the genrator of an OM-valued diusion analogue to the (0, e.)-proess, exept that the
speed
dms
ds
= −g0s is past-direted. Call it (0,
←
e .)-diusion and denote by
←
Pe0 its law when
started from e0 ∈ OM. It is lear from its onstrution that the paths of
←
e . started from e0 take
values in the hronologial past I−(e0) of e0. Any open set of I
−(e0) is visited by the proess
with positive probability, and any spaelike hypersurfae V is hit with positive probability. As
noted in proposition 6, these hitting distributions are determined by the one-partile distribution
funtion of the (0,
←
e .)-proess. We shall denote it by
←
f (e0 ; ·), e0 ∈ OM. Theorem 11 an be
restated as follows.
Theorem 15. The funtion
←
f (e0 ; ·) is L-harmoni on OM\{e0}.
It is tempting, after reading paragraph b), to renormalize
←
f (e0 ; ·) and try to get possibly
non-null L-harmoni funtions sending the singularity e0 to innity. This ould be made looking
at
←
f (e0 ; ·)
←
f (e0 ; c)
for some c ∈ OM, or
(m,g) ∈ OM 7→
←
f
(
e0 ; (m,g)
)
∫
OmM
←
f
(
e0 ; (m,g′)
)
Volm(dg′)
.
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Uniformly loally on ompat subsets of D.
32
See the notes of hapter 7 in [21℄.
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gs
ms
dms
ds
gs
ms
dms
ds
(0, e.)-diusion
(
0,
←
e .
)
-diusion
Figure 5: (0, e.)-diusion and (
←
e ., 0)-diusion.
As emphasized in proposition 6, the use of the seond ratio essentially amounts to look at the
onvergene of the hitting distributions Pe0
(←
eHV ∈ ·
∣∣HV <∞) of ←e . on any spaelike (smooth)
hypersurfae V. All this brings us to onjeture the following equivalene.
Conjeture 16. The following statements are equivalent.
1. The sequene {en}n>0 is fundamental for L in (M, q).
2. For any spaelike smooth hypersurfae V of M the sequene of onditional distributions
←
Pen
(←
eHV ∈ ·
∣∣HV <∞)
onverges.
3. For any c ∈ OM, the sequene of L-harmoni funtions33
{←
f (en ; ·)
←
f (en ; c)
}
n>0
onverges uni-
formly on ompat subsets of I−(c).
This fat would explain why the ausal boundary of (M, q) is likely to appear in the piture. In
order for the onditional distributions
←
Pen
(←
eHV ∈ ·
∣∣HV <∞) to onverge, the support of eah
of these probabilities has to onverge, for any spaelike hypersurfae V. This annot happen
unless the hronologial past I−(en) = I
−
(
(mn,gn)
)
of en onverges, i.e. unless the sequene
{mn}n>0 has a limit in the ausal boundary of (M, q). Yet, the study of Gödel's spaetime
by J. Franhi in [18℄ has made it lear that this geometri boundary might not be appropriate
to desribe the Poisson or the Martin boundary in some situations. Note, yet, that the above
analysis using the one-partile distribution funtion does not apply in this non-strongly ausal
spaetime; no good denition of one-partile distribution funtion is available at the moment in
suh a framework.
Last, we should oppose the diulty of this problem on the large sale struture of (M, q) to
the previously mentionned fat that the loal geometry of spaetime an be reovered looking at
the pathwise behaviour of the (0, e.)-proess. Compliations ome from innity... We shall ome
bak to the above onjeture in a near future.
33
Given a ompat set K and a sequene {en}n>0 of points of OM leaving every ompat, the funtion
←
f (en ; ·)
is well dened on K for n large enough.
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3.4 H-theorem
We give in this last setion a proof of the analogue of the H-theorem rst proved in [27℄ for the
R.O.U.P. in Minkowski spae, as dened there through a 'Kolmogorov equation'. It has been
then extended in [28℄ to the R.O.U.P. (as dened in [16℄) in any Lorentzian manifold, and nally
in [5℄ to a larger lass of 'diusions' in Minkowski spae. We deal here with the general ase
of (V, z)-diusions in any Lorentzian manifold. We refer to the artiles [27℄, [28℄ and [12℄ for
physial motivations.
Let U ⊂ OM be a relatively ompat open set and f and g be two positive smooth funtions
on U satisfying the relations L∗f = L∗g = 0(34). We shall denote by Y a ontinuous unit vetor
eld on U ; dene the funtion ρ : OU → (0,+∞), (m,g) 7→ q(Ym,g
0).
We shall make the following assumptions on f and g; they are suient to ensure the existene
of the integrals below, and to dierentiate them.
• ln f
g
is bounded.
• There exists positive onstants C and ǫ suh that f and its rst and seond derivatives are
uniformly bounded by Ce−ρ
1+ǫ(m,g)
in U .
Dene now on U the vetor eld
X(m) = −
∫
OmM
g0 f(m,g) ln
f(m,g)
g(m,g)
Volm(dg).
The main result of this setion is the following theorem; no assumption on the geometry of spae
or on the data V, z is needed.
Theorem 17 (H-theorem). We have divX > 0 for any two L∗-harmoni funtions f and g,
and X dened as above.
We shall begin the proof of this theorem proving the following lemma
35
.
Lemma 18. Given any (good) smooth funtion h on OM set
X(m) =
∫
OmM
g0 h(m,g)Volm(dg).
Then,
(divX)(m) =
∫
OmM
(H0h)(m,g)Volm(dg).
✁ Proof  Given a C1 path γ in M and two time s, t we shall denote by T γs←t : TγtM → TγsM
the parallel transport operation along the path {γr}r∈[s,t]. It is an isometry between the two
tangent spaes. We shall denote by ∇ the Levi-Civita onnetion on (M, q). Reall that we
have
∇γ˙0X = lim
s→0
T
γ
0←sXγs −Xγ0
s
.
Reall also that the divergene of X is the (Lorentzian) trae of the map ∇.X. It means
that given any hoie of orthonormal frame g of TmM, the sum
d∑
i=0
q(gi,gi)q(∇
g
iX,gi)
34
These funtions ould for example be of the form f(e0 ; ·) and f(e
′
0 ; ·) if the strong ausality assumption on
(M, q) is satised.
35
Compare with the Appendix to the artile [28℄ of F. Debbash and M. Rigotti.
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is independent of g ∈ OmM; this is, by denition,
(
divX
)
(m). Last, reall that the vetor
eld H0 is dened as the generator of the lift to OM of the geodesi ow on HM. Its
dynamis
{
(ms,gs)
}
is determined by the ondition
dms
ds
= g0s and the fat that gs is
parallelly transported along the path {ms}.
Choose now a frame g ∈ OmM and a path γ
i
suh that γi(0) = m and γ˙i(0) = gi. Sine
parallel transport is an isometry, we an write
Xγis =
∫
OγsM
ĝ0 h(γis, ĝ)Volγis(dĝ) =
∫
OmM
T
γi
s←0g
0 h
(
γis, T
γi
s←0g
)
Volm(dg),
so we have
T
γi
0←sXγis =
∫
OmM
g0 h
(
γis, T
γi
s←0g
)
Volm(dg)
and
T
γi
0←sXγis −Xm
s
=
∫
OmM
g0
h
(
γis, T
γi
s←0g
)
− h(m,g)
s
Volm(dg).
Send s to 0 and sum over i to get the result:
(divX)(m) =
d∑
i=0
q(gi,gi)q(∇
g
iX,gi) =
∫
OmM
(H0h)(m,g)Volm(dg).
✄
With this lemma in hand we an prove theorem 17. Reall that L = H0 + V +
1
2ViB
ijVj and
L∗ = −H0 + V
∗ + 12ViB
ijVj .
✁ Proof  First, use lemma 18 to write
−divX =
∫
H0
(
f ln
f
g
)
Vol(dg) =
∫
(H0f) ln
f
g
Vol(dg) +
∫ (
H0f −
f
g
H0g
)
Vol(dg).
Use then the relations L∗f = L∗g = 0 to get
− divX =
∫ (
V ∗f + 12Vi
(
BijVj(λf)
))(
ln f
g
+ 1
)
Vol(dg) −
∫
f
g
(
V ∗g + 12Vi
(
BijVj(λg)
))
Vol(dg)
=
∫ (
(V ∗f)
(
ln f
g
+ 1
)
− f
g
V ∗g
)
Vol(dg) + 12
∫ ((
ln f
g
+ 1
)
Vi
(
BijVj(λf)
)
− f
g
Vi
(
BijVj(λg)
))
Vol(dg).
Integrating by parts and using the relation V
(
ln f
g
)
= g
f
V
(
f
g
)
, the rst integral is seen to be
equal to ∫ (
gV
(f
g
)
− V
(
ln
f
g
+ 1
))
Vol(dg) = 0.
Reall V ∗i = −Vi. Use integration by parts in the seond integral and the relation Vj(λf) =
Vj(λg)
f
g
+ λgVj
(
f
g
)
, to get
−divX =
−1
2
∫
Vi
(
ln
f
g
)
BijVj(λf)Vol(dg) +
1
2
∫
Vi
(f
g
)
BijVj(λg)Vol(dg)
=
−1
2
∫ (
g
f
Vi
(f
g
)
BijVj(λf)− Vi
(f
g
)
BijVj(λg)
)
Vol(dg)
=
−1
2
∫ {
Vi
(f
g
)
Bij
(
Vj(λg) +
λg2
f
Vj
(f
g
))
− Vi
(f
g
)
BijVj(λg)
}
Vol(dg)
=
−1
2
∫
λg2
f
Vi
(f
g
)
BijVj
(f
g
)
Vol(dg).
(3.24)
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We get the onlustion from the non-negativeness of the matrix B =
(
A−1
)∗
A−1. ✄
• Attention should be paid to the range of appliation of theorem 17. It seems tempting,
indeed, in a strongly ausal spaetime, to apply it to funtions of the form f(e0 ; ·) and f(e
′
0 ; ·).
However, today's state of art is far from being suient to provide estimates on these funtions
good enough to ensure that hypothese like those made at the beginning of the setion hold
36
.
This is a diult topi where the non-elliptiity of the operator L ompliates everything. As a
rst step towards suh results, it would be interesting to determine small time estimates of its
heat kernel; known results are unsuient to answer this question.
• Theorem 17 proves that the ow of the vetor eld X is volume inreasing. It is not lear
how one should interpret this result from a physial point of view when M is dierent from R1,d.
In this speial ase, hoose a rest frame g ∈ SO(1, d) and denote by t its assoiated time. Then,
the integral of X over any hyperplane of onstant time is an inreasing funtion of t (provided X
is equal to 0 at spae innity). This fat justies that we should all theorem 17 an H-theorem
in that ase. Things are less lear in any Lorentzian manifold, where time does not exist globally.
Things are even less satisfying from an information theoreti point of view. Reall that the
relative entropy of a probability P with respet to another probability Q is innite if P is not
absolutely ontinuous with respet to Q, and equal to
H(P ; Q) = EP
[
ln
dP
dQ
]
,
if P is absolutely ontinuous with respet to Q. We write EP for the expetation operator
assoiated with P. Relative entropy is always non-negative, as is lear from the inequality
a ln a
b
> a− b.
Suppose for larity that P and Q are probabilities on [0, 1](37). Let X1,X2, ... be i.i.d. random
variables, with ommon law P or Q. Then, given any numbers x1, ..., xn in [0, 1], we have
”
P⊗n(X1 = x1, ...,Xn = xn)
Q⊗n(X1 = x1, ...,Xn = xn)
” :=
dP⊗n
dQ⊗n
(x1, ..., xn) =
dP
dQ
(x1) · · ·
dP
dQ
(xn) = e
Pn
i=1 ln
dP
dQ
(xi).
P⊗∞ will stand for the produt measure P⊗ P ⊗ · · · on [0, 1]N. Taking now the xi's to be i.i.d.
random variables with ommon law P, it follows from the law of large numbers that we have
P⊗∞-almost surely
P⊗n(X1 = x1, ...,Xn = xn)
Q⊗n(X1 = x1, ...,Xn = xn)
≃
n,∞
e
nEP
[
ln dP
dQ
]
,
in a sense that should be made more preise. The above estimate roughly means that the support
of the probability P⊗n in [0, 1]n has Q⊗n-measure of order e−nEP
[
ln dP
dQ
]
, when n is large.
One owes to the statistiian Charles Stein a rephrasing of this fat in terms of tests, whih
should be lear from the above desription
38
.
Lemma 19 (Stein). Let X1, ...,Xn be i.i.d. [0, 1]-valued random variables with ommon law
P . Consider the hypotheses "H0 : P = P", and "H1 : P = Q", and suppose we want to test
hypothesis H0 against H1. The quality of a deision region An ⊂ [0, 1]
n
is measured by the errors
36
The boundedness hypothesis on
f
g
is even most likely to be untrue for suh funtions.
37
This is not a serious restrition as any probability on a Borel spae is isomorphi to a probability measure on
[0, 1]. This lass of spaes is large enough to enompass most of the useful situations. See the Appendix of the
book [29℄ of Dynkin and Yushkevih.
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Consult for example setion 11.7 of the book [30℄ of Cover and Thomas for a proof of this lemma.
37
P⊗n(Acn) and Q
⊗n(An). Given ε > 0, set β
ε
n = inf
{
Q⊗n(An) ; An ⊂ [0, 1]
n, P⊗n(Acn) < ε
}
.
Then we have
lim
ε,0
lim
n∞
1
n
log βεn = −H(P ; Q).
To understand this lemma, imagine you want to test the hypothesis "H0 : P = P", with a
given (very) small bound on the two errors. Then, the smaller H(P ; Q) will be, the bigger n
will have to be in order to design a test ahieving the requirements on errors.
If now P and Q depend on some 'time' s and H(Ps ; Qs) dereases, then you will need more
and more data to ahieve the test, as time passes. It ould be said of a situation where H(Ps ; Qs)
dereases to 0 that the proess
(
X1(s),X2(s)...
)
forgets its law as time inreases, as it is more
and more diult to distiguish if it has ommon distribution Ps or Qs.
From that point of view, a satisfying H-theorem for the (V, z)-proesses would be ompletely
dierent from theorem 17. Given a C1 path γ in M and a (proper) time s (of γ), dene
hγs (e0 ; g) =
q(γ˙s,g
0)f
(
e0 ; (γs,g)
)∫
OγsM
q(γ˙s, ĝ0)f
(
e0 ; (γs, ĝ)
)
Volγs(dĝ)
.
Let V be any (small) spaelike hypersurfae suh that γs ∈ V and
(
γ˙s
)⊥
= TγsV. The probability
h
γ
s
(
e0 ; (γs,g)
)
Volγs(dg) is the onditional law of the random variable eHV1HV<∞, given that
mHV = γs; we have seen in setion 3.3.1 that this onditional probability does not depend on
V but only on γs and γ˙s. Given two initial onditions e0, e
′
0 of the (V, z)-diusion, dene the
time-dependent relative entropy assoiated to the path γ as
H
γ
e0,e
′
0
(s) :=
∫
OmsM
hγs (e0 ; g) ln
h
γ
s (e0 ; g)
h
γ
s (e′0 ; g)
Volγs(dg).
A satisfying H-theorem would take the form of the following onjeture.
Conjeture 20. The HM-valued (V, z)-diusion proess (γ., γ
′
.) =
{
(ms,g
0
s)
}
s>0
∈ HM
almost surely forgets its law as time inreases: the relative entropy H
γ
e0,e
′
0
(s) dereases Pe0-almost
surely to 0, for any e0, e
′
0 ∈ OM.
It would also be interesting to see if the following holds.
Conjeture 21. A freely falling observer has more and more diulties in distinguishing Pe0
from Pe′0
.
We shall adress these questions in a near future. As a last omment, let us notie that theorem
17 an be given an information theoreti avour. Consider indeed that eah open set of spaetime
initially has a quantity of "information" equal to its volune, and that this "information" travels
with the ow of the vetor eld X. Then, theorem 17 means that the quantity of information
that an be found in a xed open set dereases as the ow-time inreases. Yet, this interpretation
is far from being as lear as the above two onjetures.
4 Comments
It is now time to forget the details of the proofs and summarize the main ideas and results
exposed above.
A general lass of relativisti diusions was rst presented in the artile [1℄. Although the
authors only onsider dynamis in Minkowski spaetime, their lass of proesses is essentially the
38
same as the above lass of (V, z)-diusions. It is haraterized by the existene at eah time of
a rest frame with the property that the moving objet has, in addition to a deterministi ae-
learation, a Brownian aeleration in any spaelike diretion of the rest frame, when omputed
using the time of the rest frame. Yet, the authors' analysis of the situation rests entirely on a
transport equation; an approah similar in spirit to the semi-group analysis of Markov proesses,
as opposed to the pathwise study of the proess. We propose in this artile a simple and diret
onstrution of relativisti diusions on any Lorentzian manifold as ows of stohasti dieren-
tial equations. This onstrution neessitates to build the diusions in the orthonormal frame
bundle of (M, q), as was done by Malliavin or Elworthy for Brownian motion in a Riemannian
manifold, and by Franhi and Le Jan in the Lorentzian framework. This hange of framework
is worth being made. Not only are we able to reover diretly many of the results established
so far, but this pathwise approah presents several other advantages over the analytial method
used up to now.
First, it provides a diret (o-ordinate free) desription of the dynamis in OM whih is
given as the fundamental mathematial objet of the model. Simple hypotheses an be given
(setion 3.2) to onstrut a diusion in the more familiar phase spae HM from the diusion
on OM. An interesting outome of this approah is the lear new denition of the one-partile
distribution funtion that an be given using the pathwise behaviour of the (V, z)-proess (propo-
sition/denition 5). The fundamental equation it satises (theorem 11) provides a dynamial
justiation of the approah used up to now, and sheds some light on the study of the Poisson
and Martin boundaries of the (0, e.)-proess (setion 3.3.2). Last, but not least, the formalism
of vetor elds enables us to give in setion 3.4 a onise and lear proof of a general H-theorem.
Although these results are enouraging, it would be desirable to disuss the adequay of the
models provided by (V, z)-diusions to situations of physial interest. To paraphrase what was
written in the introdution of the seminal artile [4℄, the models provided by (V, z)-diusions39
should not be onsidered as aurate models of motion of a "olloidal partile immersed in a real
(relativisti) medium". Rather, they should be onsidered as toy models designed to provide a
framework for the study of the main harateristis of the diusion phenomenon. In this diretion,
it would ertainly be useful to develop an approah to the relativisti Boltzmann equation in
terms of hydrodynami limit of a system of interating partiles
40
. Propagation of haos results
ould justify the use of (V, z)-diusions as models of diusion dynamis. Other dynamis, as the
one introdued by L. Markus in the artile [32℄, might happen to be of physial relevane. Note
also the interest that the possibility to dene (V, z)-diusions in non-isotropi media might have.
Nevertheless, one an onsider as one of the merits of our approah the fat that it provides
new questions. A few of them have been written under the form of onjetures in setions 3.3.2
and 3.4; we would like to put forwards two other problems onerning the (0, e.)-proess, as we
think this is a fundamental objet.
Lifetime. The question of explosion of a general (V, z)-diusion may appear irrelevant from
a physial point of view, after reading the above omments. Yet, the study of this problem
for the 'geometri' (0, e.)-diusion might happen to be extremely fruitful in its possible links
with the existene of singularities of the spaetime itself. Indeed, all the studies made so far,
in Minkowski, Robertson-Walker, Shwarzshild and Gödel spaetimes
41
tend to reinfore the
39
By the R.O.U.P. in this artile.
40
Consult the artile [12℄ for a disussion of Boltzmann equation in a relativisti framework. The artile [31℄ of
Andersson and Comer is also a valuable soure of information on relativisti uid dynamis from a maorsopi
point of view.
41
In [19℄, [23℄, [3℄ and [18℄.
39
feeling that the M-part of the (0, e.)-diusion eventually behaves like a lightlike geodesi
42
. So
its seems natural to ask the following question.
Open Problem 22. Is null geodesi inompleteness equivalent to explosion of the (0, e.)-proess
with positive probability?
This link between geometry and probability would provide a new approah to the existene
of singularities on Lorentzian manifolds. It would be interesting for instane to see wether the
hypotheses of Penrose's theorem
43
are relevant from a probabilisti point of view or not. One
of its potential benets is that the explosion problem has an analytial ounterpart whih is a
linear problem. Explosion is equivalent to any of the following two onditions
44
.
1. Let λ > 0. There exists a non-null bounded smooth funtion f suh that (L− λ)f = 0.
2. Let T > 0. There exists a non-null solution to the Dirihlet problem ∂tf = Lf , on
[0, T ] ×M, with initial ondition 0.
The use of the one-partile distribution funtion
←
fλ(e0 ; ·) of the
(
0,
←
e .
)
-proess killed at onstant
rate λ will ertainly help to see if ondition 1 holds. To begin with, it would be interesting to
nd an example of a geodesially timelike omplete Lorentzian manifold whose (0, e.)-diusion
explodes. No suh manifold has been found yet.
A probabilisti interpretation of Einstein tensor? In so far as the loal geometry of
spaetime an be reovered from the pathwise behaviour of the (0, e.)-proess
45
, it is tempting
to ask if one an ultimately give a probabilisti interpretation of Einstein tensor determining
matter in terms of (0, e.)-diusion. This question brings us far from the present day knowledge...
We hope it will have some day a positive answer.
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